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Semilog plot of normalized instability wavelength L∗inst versus Peclet number
Pe. Each symbol corresponds to a specific displaced fluid sample identified
by its Atwood number At. Inset shows L∗inst versus Carreau number Cu0.
Top and bottom images correspond to corkscrew shape with low and high
wavelength respectively. Filled symbols correspond to experiments with
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ABSTRACT
Immiscible and miscible two-phase fluid flow in a porous media are important problems encoun-
tered in petroleum, manufacturing, pharmaceutical, and food industries. Enhanced oil recovery
process used in the petroleum industry involves driving the viscous crude oil trapped in porous
reservoir rocks using low-cost fluid cocktails of surfactants-chemicals-polymers that modify the sur-
face tension and create a favourable viscosity profile, thereby increasing the production efficiency.
Such flows in porous media can be studied in laboratory conditions by considering the porous media
as a bundle of interconnected capillaries which can be further simplified by modeling them in a
single capillary tube.
In the first problem, experiments were performed to study the immiscible displacement of a
more viscous fluid using a less viscous one with mean velocity Um in a capillary tube. One set
of experiments were performed where surfactant was introduced into the aqueous phase liquid at
concentrations below the critical micellar concentration (CMC) and either mineral or silicone oil
was used as the continuous phase. In second set of experiments surfactant formed at the interface
via a saponification chemical reaction by introducing sodium hydroxide into the aqueous phase, and
using corn oil that contains triglycerides as the continuous one. For both experiment conditions
we measured surface tension using the pendant drop method, and that data were used to estimate
adsorption and desorption Biot numbers Biβ and Biα, respectively, whereas for surfactant produced
via chemical reaction these curves provide an estimate for rate of change for surface tension that
were used to estimate a Damköhler number Da. We used equilibrium surface tension values, γeq,
displaced fluid viscosity and displacing fluid tip velocity Ut to estimate a capillary number Ca
and also estimated the fraction of residual film m = 1 − Um/Ut left inside the capillary tube
after displacement. The non-reactive surfactant case followed trends seen in homogeneous fluid
displacement cases. For the reactive case, trends for m are similar to the non-reactive one for
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Da → 1; for values lower than this there is a local minimum in Da and an asymptotic value of
m ≈ 0.45 as Da→ 0. This seems to suggest that the products created via saponification reaction
tend to have an effect on the interface and film thickness that is entirely absent in non-reactive
immiscible displacement experiments.
In the second problem, we examine the stability of an evaporating-unbounded axisymmetric
liquid bridge confined between parallel-planar similar or chemically different substrates using both
theory and experiments. With a quasistatic assumption we use hydrostatics to estimate the min-
imum stable volume Vmin via the Young-Laplace equation for Bond numbers 0≤ Bo ≤1, and
top/bottom wall contact angles 5◦ ≤ θ ≤175◦ although the primary focus is on wetting and partial
wetting fluids. Solving the Young-Laplace equation requires knowledge of appropriate capillary
pressure values, which appear as a constant, and may not provide unique solution. To examine
uniqueness of numerical solutions and volume minima determined from the Young-Laplace equation
for unbounded-axisymmetric liquid bridges we analyzed capillary pressure for large and small liquid
volume-asymptotic limits at zero Bond number. Experiments were performed to compare with the
volume minima calculations for Bond numbers 0.04≤ Bo ≤0.65. Three substrates of varying surface
energy were used, with purified water as the primary liquid. Volume estimates and contact angle
data were extracted via image analysis and evaporation rates measured from this data are reported.
Volume minima were in the range 0.1≤ Vmin ≤20 µl depending on Bond number. There was good
agreement when comparing predicted volume minima and those determined from experiments for
the range of parameters studied.
In the third problem, we experimentally study the miscible displacement of an aqueous low-
concentration polymer solution that initially fills a capillary tube (diameter < 1 mm), using water.
Aqueous carboxymethyl-cellulose (CMC) polymer solutions were prepared at initial concentration
0.5 < c0 < 0.75 (w/w). Polymer concentrations are low such that the displaced fluids may be
considered shear-thinning. We measured shear viscosity of the aqueous polymer solutions and
obtained values for Carreau shear-thinning fluid model parameters at each polymer concentration.
Separately, we measured the average bulk diffusivity for each solution. Estimates of the residual
xv
film using penetrating fluid tip and mean velocities were measured as a function of Peclet (Pe),
Reynolds (Re), Carreau (Cu0) and a viscous Atwood number based on zero shear-rate viscosity
(At0) where the latter two were computed using c0. For Cu0 > 1 we observe a corkscrew type
instability where the wavelength increases as diffusion is diminished, but requires a finite amount
of diffusion to appear.
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CHAPTER 1. INTRODUCTION
“Any explanation of the nature of multiphase fluid flow through porous media must ultimately
involve a knowledge of the mechanism of such flow through the individual pores of the medium.” –
Templeton (1954)
1.1 Motivation
Statics and dynamics of complex fluids in confined geometries are problems of interest commonly
studied in numerous natural and industrial processes (Larson, 1999; Ewoldt et al., 2015; Barthès-
Biesel, 2012). Here, the term “complex fluid” refers to any fluid system consisting of a solvent and
some additional species that modify its physical properties such as rheology, interfacial tension,
density, etc., from the pure solvent ones. These complex fluids can occur both naturally, for
example: milk, blood, saliva, etc, and can also be prepared artificially, for example: aqueous
solutions of polymers, ketchup, toothpaste, silly putty, etc.
The use of such complex fluids is very relevant in petroleum, manufacturing, food, pharma-
ceutical, and other industries (Ober et al., 2015; Muggeridge et al., 2014; Nightingale et al., 2014;
Sun et al., 2012). Enhanced oil recovery (EOR) is a technique used in the petroleum industry to
increase the amount of oil produced from a oil reservoir after primary production of oil via reser-
voir pressure (Sandrea and Sandrea, 2007; Stalkup Jr et al., 1983; Muggeridge et al., 2014). Some
commonly used EOR processes are: gas injection, thermal injection via steam and fire flooding,
and chemical injection using either polymer, microbial, liquid CO2, surfactants, alkali, or some of
these in combination.
EOR works on the basic principle of displacing a viscous crude oil using a miscible or immiscible
less viscous one from porous reservoir rocks. For immiscible fluid pairs, surface tension and viscosity
play very important roles in determining whether the oil can be easily displaced from the porous
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media. Crude oil naturally occupies the pores of reservoir rock due to strong interfacial forces
between them. Water being the least expensive and abundantly available fluid, is used as the
displacing fluid to move crude oil. However, interfacial tension between oil and water is high due to
which surfactants and chemicals like alkali are added to the aqueous phase to reduce this interfacial
tension and create surfactants at the interface via chemical reactions between oil-water. These
surfactants and chemicals in addition to reducing the interfacial tension between oil and water,
also aid in modifying the wettablility of the porous rock thereby changing it from oil wet to water
wet. The second reason water alone is not a good displacing fluid is due to the viscosity contrast
between it and the crude oil. To have a favourable viscosity profile, water soluble polymers are
added that are mostly shear-thinning. Shear-thinning polymers have a very high shear viscosity at
low shear rates that are typically seen in porous media flows. After the displacement is complete,
crude oil is usually separated from the displacing-displaced fluids mixture via fractionation process.
Discrete liquid elements also referred to as liquid bridges can form in fractured porous rocks
due to the displacing fluid detaching into drops. Such liquid bridges can undergo evaporation due
to naturally present surrounding gases along with high temperatures present in reservoir rocks.
Evaporating liquid bridges undergo breakup into two sessile drops In certain cases, for example:
aqueous solutions of polymers, these evaporating liquid bridges can deposit polymer layer onto the
pores. Before an attempt is made to understand the evaporation complex fluid liquid bridges, it is
important to study the pure solvent liquid bridge undergoing evaporation.
In the following section, we present brief literature review of relevant past studies on immiscible
and miscible displacement in porous media and evaporation of liquid bridges showing the volume




1.2.1 Immiscible fluid displacement in horizontal tubes
Immiscible displacement of a viscous fluid present inside a tube using another more/less viscosity
fluid has been a field of interest for almost a century, starting with Fairbrother and Stubbs (1935)
where a bubble-tube method was used to estimate the true flow velocity through a porous membrane
by measuring apparent velocity of a bubble of air in a single narrow capillary tube. They proposed a
simple equation to estimate the mean liquid velocity using bubble velocity and liquid film thickness
around the bubble, which was of the form:
(Ut − Um)/Ut = 4(a− t)t/a2 (1.1)
where Ut and Um are bubble and mean liquid velocities, a the tube diameter, and t the liquid film
thickness around the bubble. Later Taylor (1961) used Eq. 1.1 to estimate the thickness of viscous
fluid left on the horizontal tube wall by blowing a viscous liquid from an open-ended tube and found
an asymptotic thickness of 0.56 times the tube diameter at high capillary numbers Ca = Utµ/γ
where µ is the liquid viscosity and γ air-liquid surface tension. In the following year, Cox (1962)
extended the study to higher Ca and found 0.6 to be the correct asymptote suggesting that Taylor’s
experiments might not have explored the complete range of Ca. Bretherton (1961) performed
studies on long bubble moving in a tube pre-filled with a viscous fluid and found film thickness to
scale as Ca2/3 at low flow speeds. Later numerous theoretical, numerical and experimental studies
have been performed on immiscible displacement in tubes of different cross sectional shapes in
vertical, horizontal as well as inclined orientations (Templeton, 1954; Chuoke et al., 1959; Dussan,
1977; Zhou and Sheng, 1990; Sheng and Zhou, 1992; Aussillous and Quéré, 2000; Dai and Zhang,
2013; Chan and Yang, 2005; Soares et al., 2005; Soares and Thompson, 2009; Soares et al., 2015).
Such immiscible fluid displacement problems are dominated by viscosity µ and surface tension γ,
where capillary number Ca represents the relative effect of viscous forces versus surface tension
forces.
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The capillary number Ca can be modified by changing γ either by adding surfactant (surface-
active-agents) to either displacing/displaced fluid or by producing surfactant at the fluid-fluid
interface via certain chemical reactions, thereby resulting in a lower γ than a clean interface. Fluid
displacement processes involving surfactant are complex, therefore prior knowledge of transport
parameters (White and Ward, 2019) of such surfactant is important. A few numerical studies on
gas (either in the form of gas or liquid and single or multiple plugs) displacing a surfactant laden
viscous fluid from capillary tubes have been performed (Ratulowski and Chang, 1990; Olgac and
Muradoglu, 2013) however, not many experimental studies were not performed until recently (Lu
et al., 2018). The results obtained from numerical and experimental studies contradicted each
other with film thickening reported in former and film thinning reported in latter, possibly due to
surfactant added to displaced fluid in numerical simulations (see Ratulowski and Chang (1990);
Olgac and Muradoglu (2013)) and displacing fluid in experiments (see Lu et al. (2018)). Only
the numerical studies considered Marangoni stresses due to surfactant concentration gradient and
the resulting surfactant convection to the rear of the displacing gas/fluid, which was ignored in Lu
et al. (2018) possibly due to limitations in experimental measurement of such a stress which requires
knowledge of surfactant transport parameters to determine the relative importance of surfactant
adsorption/desorption to surfactant convection over the interface.
For immiscible displacements involving surfactant produced at fluid-fluid interface using chemi-
cal reactions, careful characterization of the reaction dynamics and surfactant production is impor-
tant. Conventionally, studies have focused on immiscible displacement involving chemical reactions
that produce a known surfactant at the interface (Fernandez and Homsy, 2003; Nasr-El-Din et al.,
1990; Hornof and Bernard, 1992; Hornof et al., 1994; Hornof and Baig, 1995; Bonn et al., 1995; Sas-
try et al., 2001; Stokes et al., 1986) but only in Hele-Shaw cells which are reasonable approximations
of a 2D porous media. Though none of the studies so far have attempted to determine surfactant
transport parameters for such systems, most of them experimentally measure the transient surface
tension and fit a first order reaction kinetics to it, which is of the form:
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γ(t) = γeq + (γ0 − γeq)e−kt. (1.2)
where k is a kinetic rate constant directly related to rate of change of surface tension, t is time,
γ0 and γeq are initial and equilibrium surface tension values, respectively (Fernandez and Homsy,
2003; Shi and Eckert, 2006; van Nierop et al., 2006). By determining k for a fluid pair that produces
single surfactant species, one can quantify how fast the reaction produces surfactant that possibly
are transported to the interface, thereby reducing transient γ. Damhöhler number Da = ka/Um is
the radio of fluid residence time to the characteristic reaction time. Fernandez and Homsy (2003)
have reported that when Da is high, reaction reaches completion very quickly, thereby allowing the
Ca to be calculated based on γeq. Similarly for low Da, Ca was calculated based on γ0. Hence, for
intermediate flow rates, a combination of Ca and Da was suggested as the correct parameters to
characterize the flow behavior. Figure 5 in Fernandez and Homsy (2003) contains images of Hele-
Shaw experiments performed by Fernandez and Homsy showing the evolution of viscous fingering
patterns at fixed Ca with (a) Da = 0 and (b) Da = 0.6.
While much work has been done to understand the immiscible fluid displacement in straight
tubes, theory and experiments involving surfactant laden fluids and chemical reactions producing
surfactants is less common in the literature. In Chapter 2, we will study the immiscible displacement
of viscous oils using water, aqueous solutions of surfactants as well as vegetable oils using aqueous
alkaline solutions. In doing so, we will study the affect of surfactants added to the displacing fluid
from the beginning as well as surfactants produced via a interfacial chemical reaction.
1.2.2 Stability of axisymmetric liquid bridges
Stability and breakup of liquid bridges between two parallel substrates is a problem of interest
since the late 18th century. In the year 1873, Plateau (1873) performed experiments on falling water
jet and found that it will break up into drops if its wavelength is greater than 2.13 to 3.18 times
its diameter. Following this, in the year 1878 Rayleigh (1878) theoretically proved that a vertically
falling low viscosity jet of circular cross section will break up into drops if its wavelength is more than
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Figure 1.1 Schematic of evaporation of (a) a bounded axisymmetric liquid bridge and (b) an un-
bounded axisymmetric liquid bridge.
the circumference of the jet. The slender jet approximations play a very important prerequisites in
understanding the stability of a liquid (capillary) bridge between two parallel substrates purely held
in place by surface tension forces.Liquid bridges have been conventionally studied in microgravity
conditions to understand the fluid behavior for space applications. Gillette and Dyson (1971)
performed some of the earliest studies on stability of liquid bridges between two parallel plates
of equal radii in neutral buoyancy conditions by surrounding the liquid bridge under study with
another liquid of similar density where both fluids were immiscible in nature. Numerous theoretical
(Dariva and Martinez, 1979; Erle et al., 1970; Slobozhanin, 1982; Herranz, 1977; Boucher and Jones,
1988) and experimental (Mason, 1970; Carruthers and Grasso, 1972; Sanz and Martinez, 1983)
studies on such configurations have been published between 70s and 80s.
Fig. 1.1(a) shows an axisymmetric liquid bridge between two parallel substrates of fixed wet-
ting length R subjected to evaporation and Fig. 1.1(b) shows a similar liquid bridge but with an
unbounded top rt and bottom rb wetting lengths. Bounded liquid bridge configurations are con-
ventionally defined by a set of dimensionless parameters: slenderness, Λ = a/2R, where a is the
substrate gap spacing, dimensionless volume V = V̄ /πR2L, where V̄ is the actual liquid bridge
volume, and axial Bond number Boa = ∆ρgR
2/γ, where ∆ρ is the density difference between the
7
liquid and surrounding medium, g the acceleration due to gravity, and γ the surface tension of
liquid under study. Stability curves can be determined by plotting the dimensionless volume ver-
sus slenderness value where three important instabilities are observed: 1. de-pinning of the liquid
bridge from substrate edges, 2. minimum volume liquid bridge rupture, and 3. maximum volume
asymmetric liquid bridge deformation. For an unbounded liquid bridge, the contact positions at
the top and bottom substrate are free to move inwards and the liquid bridge undergoes breakup
when the minimum volume is reached. Past studies on liquid bridges have been performed by either
withdrawing the liquid to reach minimum volume rupture or by infusing liquid to reach maximum
volume deformation. Depinning instability has not received much attention in any of the past
studies except Sanz and Martinez (1983). A bounded liquid bridge that has undergone de-pinning
at both substrates and both contact positions free to move inwards is equivalent to an unbounded
liquid bridge.
The study of liquid bridge evaporation is relatively new, mostly consisting of experiments
(Maeda et al., 2003; Portuguez et al., 2016). However, these studies do not explore the volume
minima stability criteria which is important to understand the hydrodynamic time scale of breakup
mechanism. Since unbounded liquid bridge evaporation is a dynamic problem where a coupling
between mass transport and Young-Laplace equation solutions need to be setup. Before exploring
such dynamic problems, it is necessary to understand the minimum volume breakup instability
for an unbounded liquid bridge. Hence in chapter 4, we examine the stability of an evaporation-
unbounded axisymmetric liquid bridge confined between parallel-planar similar or chemically dif-
ferent substrates using both theory and experiments.
1.2.3 Miscible fluid displacement in horizontal tubes
Miscible displacement of a viscous fluid by a less viscous one in tubes has been a field ex-
tensively studied since the 1980s which is somewhat new compared to the ones immiscible fluid
displacements. In spite of that, numerous studies on miscible displacement can be found that
explore both Newtonian and non-Newtonian fluid pairs. In the year 1996, a two part study on
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miscible displacement in capillary tubes using Newtonian fluids was done: part one by Petitjeans
and Maxworthy (1996) presented the experimental results , part two by Chen and Meiburg (1996)
presented the numerical results. Petitjeans and Maxworthy (1996) filled a capillary tube with glyc-
erol and displaced it using aqueous solutions of glycerol where both fluids were miscible in nature.
The concentration of glycerol in the aqueous solution was varied between 0 and 100 % to obtain
a broad range of viscosity ratios between the displacing-displaced fluids. Since the two fluids were
miscible in nature, diffusion played an important role in characterizing the flow behavior where
Peclet number Pe = Uma/D was calculated based on bulk diffusion coefficient value D of aqueous
glycerol solution in glycerol. A second dimensionless parameter called the viscous Atwood number
defined as At = [µ2−µ1]/[µ2 +µ1] where µ1 and µ2 are shear viscosities of displacing and displaced
fluid was used to characterize the effect of contrast in viscosity between the two fluids. At high
Pe, the asymptotic value of displaced fluid film thickness was similar to the asymptotic values
m ≈ 0.6 observed in immiscible fluid displacements performed by Taylor (1961) and Cox (1962).
The maximum value of this asymptote was m ≈ 0.5 at low At and m ≈ 0.6 at high At. They
studied miscible displacement in horizontal and vertical (flow in and opposite to the direction of
gravity) tubes and found that gravity played an important role in the stability of fluid displace-
ment in vertically oriented tubes. Numerous other studies have explored the effect of density and
viscosity ratio between the displacing and displaced fluids as well as the effect of gravity during
vertical and horizontal displacement on the stability of displacement process (Kuang et al., 2003;
Scoffoni et al., 2001; Chen and Meiburg, 2004; Balasubramaniam et al., 2005; dOlce et al., 2008;
Amiri et al., 2016; Etrati et al., 2018).
The field of miscible displacement involving non-Newtonian fluids has received a major amount
of attention due to the fact that most industrial, pharmaceutical, manufacturing, food, and petroleum
industries deal with complex fluids. Here, the term complex fluid is used to describe a liquid that
consists of a solvent and some other species that modifies interfacial or rheological properties based
on its concentration. For example: certain aqueous solutions of polymers are shear-thinning where
the polymers present undergo deformation (stretching) due to shear applied on the fluid. When
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the shear force is reduced, the polymers return to their ideal state (coil shape) thereby increasing
the viscosity of shear-thinning fluid.
Most studies have focused on three different viscosity models to characterize shear-thinning
fluids. 1. Power law model, 2. Ellis fluid model, and 3. Carreau fluid model. Each viscosity model
has its own advantage when applied to flow of non-Newtonian fluids (Myers, 2005). The standard
power law model has the form:
µ = Kγ̇n−1 (1.3)
where K is the flow consistency index (Pa s), γ̇ the shear rate, and n power law index.
The advantage of Ellis model is its ability to capture the upper Newtonian plateau at low shear











where µ0 is the zero shear-rate viscosity which corresponds to the Newtonian plateau, τ and
τ1/2 are shear stresses at a given point and when viscosity reduces exactly by half the µ0 value, and
α the shear thinning index.
Carreau model is the most robust among all viscosity models that captures both the Newtonian









where µ0 and µ∞ are zero and infinite shear rate viscosities, respectively, λ and n are the
characteristic time (s) and power law index. Once the experimental viscosity versus shear rate data
is obtained for a shear thinning fluid, the Carreau equation is curve fit to the data by optimizing
the unknowns: µ0, µ∞, λ, and n, although µ∞ is usually assumed to be the solvent viscosity.
Experiments on downward miscible displacement in a capillary tube was performed by Balasub-
ramaniam et al. (2005) where they observed a sinusoidal asymmetric interface instability for higher
viscosity ratio when more viscous fluid displaced a less viscous one. This instability was absent
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when the viscosity ratio was smaller suggesting that at a critical buoyancy to viscous force above
which the finger was unstable. Scoffoni et al. (2001) performed downward miscible displacement
experiments in vertically oriented tubes using fluids of various viscosity ratios where they observed
three different flow behaviors: stable, axisymmetric, and asymmetric modes. Gabard and Hulin
(2003) compared the miscible displacement of Newtonian fluids with shear thinning and yield stress
fluids in a vertical tube and found that the residual film thickness reduced significantly for shear-
thinning and yield stress fluids due to 3D flow field near the displacing fluid tip. Most miscible
displacement studies using non-Newtonian fluids are more concentrated in the Hele-Shaw geometry
and only a few discussed above have explored the field in cylindrical tubes.
Immiscible displacement of a non-Newtonian viscoelastic liquid by gas was performed by Huzyak
and Koelling (1997). When Deborah number De = λγ̇, where λ is the characteristic relaxation
time of the viscoelastic fluid, was less than 1, film thickness was identical to Newtonian fluid
results. Once De >= 1, significant film thickening was observed in comparison to Newtonian fluid
displacements. They reported the film thickness for Newtonian fluid to be independent of tube
diameter while for viscoelastic fluid, De was found to collapse film thickness for all diameters used
in their experiments.
Although numerous past studies on miscible displacement in cylindrical tubes can be found,
most of these studies have focused on the effect of gravity, density difference, and viscosity contrast
between the displacing-displaced fluids, and mostly in vertically oriented tubes. In chapter 3, we
will study the miscible displacement of a shear-thinning fluid in a horizontal capillary tube.
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CHAPTER 2. IMMISCIBLE FLUID DISPLACEMENT IN A POROUS
MEDIA: EFFECT OF SURFACTANTS INTRODUCED AB INITIO VERSUS
SURFACTANTS FORMED IN-SITU
Modified from a paper published in J. Petrol. Sci. Eng.1
Tejaswi Soori2, Andrew White3, Thomas Ward4
Department of Aerospace Engineering, Iowa State University, Ames, IA 50011
2.1 Introduction
Here, we consider two techniques to improve the immiscible displacement and recovery of oil
from a microscale diameter capillary tube by using aqueous surfactants (surface active agents);
an experimental setup that is typically used to model fluid transport in porous media. First,
we performed experiments by displacing light mineral oil using aqueous solutions containing the
anionic surfactant sodium dodecyl sulfate (SDS) to study effects of surfactant added to a bulk
aqueous phase prior to displacement i.e. surfactant added ab initio. For the ab initio study we
discuss surfactant transport parameters and their possible effect on enhancing oil displacement.
Separately, we performed a second series of experiments using aqueous sodium hydroxide solutions
to displace corn oil. The sodium hydroxide reacts with triglycerides and fatty acids (mono- or
poly-unsaturated and saturated) that occur naturally in corn oil (also other plant based oils) and
undergoes a saponification reaction that creates surfactants in-situ. Hence, we are able to compare
the two cases, and general effects of aqueous surfactants on minimizing residual oil films. We present
results from these experiments in terms of dimensionless parameters: capillary Ca, Reynolds Re
and Froude Fr numbers along with dimensionless surfactant adsorption/desorption flux parameters
1T. Soori, A. R. White, T. Ward. J. Petrol. Sci. Eng. 180 (2019) pp. 310–319 (see Soori et al. (2019))
2Primary researcher and author
3Current address: Nanoscience Instruments, Phoenix, AZ 85044
4Corresponding author. E-mail: thomasw@iastate.edu
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measured through Biot numbers Bi for the ab initio case; and rate of change in surface tension for
surfactant produced in-situ via the dimensionless Damköhler number Da.
Displacement of a more viscous fluid using a less viscous one is a problem of interest in many
industries such as petroleum, manufacturing, food processing and pharmaceutical (Templeton, 1954;
Chuoke et al., 1959). Immiscible displacement of a viscous oil by an aqueous solution finds specific
practical application in the field of enhanced oil recovery (EOR); a class of secondary recovery
techniques used in the petroleum industry to increase production efficiency from an onshore oil
reservoir (Green et al., 1998). Ionic surfactant molecules typically contain a hydrophobic tail and
a hydrophilic head. Anionic surfactant molecules adsorb to an oil-water interface by orienting the
hydrophobic tail in an oil phase, and the hydrophilic head in an aqueous phase. The presence
of such surfactants at an oil-water interface reduces interfacial tension and reduces the energetic
barrier to creating new interface. This is important for the removal of oil from porous media because
new interface may reduce a residual oil film’s thickness and improve efficiency, thereby enhancing
oil recovery.
Reservoir crude oils contain many emulsifying agents collectively called naphthenic acid which
is an unspecified mixture of several carboxylic acids (Sheng, 2015). These carboxylic acids, them-
selves surface active agents, can react with aqueous alkali in-situ becoming more soluble to form a
multi-component surfactant system (Jenning Jr et al., 1975; DeZabala et al., 1982). Determining
robust operating parameters for multi-component surfactant effects, on residual oil film thickness,
that are produced through chemical reaction requires one to study them individually and mea-
sure thermodynamic properties such as their adsorption/desorption rate constants, critical micellar
concentration (CMC), and maximum surface coverage, and then study their probable molecular
interactions. While this type of study is outside the scope of this work, it is possible to generate
multi-component surfactant systems and study their in-situ production on residual oil film reduc-
tion in a laboratory setting by using vegetable oils. Vegetable oils contain a mixture of mono-
or poly-unsaturated and saturated fatty acids which are themselves weak surfactants, and also
triglycerides consisting of glycerol plus fatty acids via ester linkages (Orsavova et al., 2015); that
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can react with aqueous metal hydroxides via a saponification reaction Rosen and Kunjappu (2012)
producing multiple more soluble surfactants i.e. a multi-component surfactant system.
Many past studies in this field have considered the problem of immiscible (Fairbrother and
Stubbs, 1935; Taylor, 1961; Bretherton, 1961; Cox, 1962; Dussan, 1977; Zhou and Sheng, 1990;
Sheng and Zhou, 1992; Aussillous and Quéré, 2000; Dai and Zhang, 2013; Chan and Yang, 2005;
Soares et al., 2005; Soares and Thompson, 2009; Soares et al., 2015) fluid displacement using New-
tonian fluids (displacing and displaced). The field of immiscible fluid displacement with a focus on
changes in interfacial tension at a fluid-fluid interface by added surfactant in either bulk fluid phase,
or by an interfacial chemical reaction that produces in-situ surfactants has been a key research area
for some time. However, past studies on immiscible displacement with surfactants have been limited
to ones in rectilinear (Bonn et al., 1995), radial (Sastry et al., 2001), and glass-bead packed (Stokes
et al., 1986; Hornof and Bernard, 1992; Hornof et al., 1994) Hele-Shaw cells which are reasonable
approximations of a 2D porous media. One can also find studies on immiscible displacement in
Hele-Shaw geometries (radial and glass-bead packed) with interfacial reactions that produce single
(Nasr-El-Din et al., 1990; Hornof et al., 1994; Hornof and Baig, 1995; Fernandez and Homsy, 2003)
and multiple (Hornof and Bernard, 1992) surfactants and in microfluidic channels (Ward et al.,
2010). Studies on immiscible fluid displacement in capillary tubes using surfactants dissolved in
the bulk displacing or displaced fluid have mainly focused on the residual film thickness left on
tube walls by displacing gas bubbles (Ratulowski and Chang, 1989, 1990; Olgac and Muradoglu,
2013).
The schematic for a typical immiscible fluid displacement setup in a capillary tube is shown in
Fig. 2.1. Immiscible fluid displacement is typically governed by the capillary number Ca = µ2Ut/γ
where µ2 (Pa s) , Ut (m s
−1), and γ (N m−1) are displaced fluid shear viscosity, displacing fluid tip
velocity, and surface tension, respectively. For immiscible displacements with surfactants introduced
ab initio, the Biot numberBi quantifies the relative importance of surface convection and sorption of
surfactants at the interface. The relative importance of sorption is described using either adsorption
or desorption Biot numbers Biβ = βc0a/UtΓ∞ and Biα = αa/UtΓ∞, respectively. Here, β (m s−1)
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and α (mol m−2 s−1) are surfactant-surface adsorption and desorption rate coefficients; c0 is the
initial bulk surfactant concentration (mol m−3); Γ∞ is the surfactant maximum surface coverage
(mol m−2); and a (m) is the capillary tube diameter. Immiscible fluid displacement with surfactants
formed in-situ via a saponification reaction that changes the surface tension is quantified here using
a Damköhler number (Sheikh et al., 1998; Bulgakova et al., 2013) Da = ka/Ut where k (s
−1) is the
surface tension rate of change constant. A high Da indicates that the reaction reaches completion
very quickly and for low Da, the reaction is slow indicating that interface transport is dominated
by convection.
Taylor (1961) studied immiscible Newtonian fluid displacement experiments by displacing glyc-
erol using air from capillary tubes of 2 and 3 mm diameter, and used the expression:
m = (Ut − Um)/Ut = 4t(a− t)/a2 (2.1)
developed by Fairbrother and Stubbs (1935), to estimate the displaced fluid remaining on the tube
walls, a measure of displacement efficiency. In Eq. 4.2, Um is the mean velocity based on Poiseuille
flow. Eq. 4.2 can also be written in terms of film thickness t and diameter a as m = 1− [1−(2t/a)2].
Taylor (1961) found that the displaced fluid film thickness remaining inside the tube increased with
capillary number Ca for Ca ≤ 2. His experiments yielded asymptotic values of m = 0.56 as
capillary number approached Ca ≈ 2. Cox (1962) performed immiscible displacement of viscous
syrup (Golden syrup) using carbon-tetrachloride (CCl4) for Ca ≤ 10 and found an asymptotic
value of m = 0.6 at high capillary numbers. Bretherton (1961) studied the motion of long bubbles
in capillary tubes filled with a viscous liquid and derived a theoretical correlation between the
viscous fluid film thickness remaining inside a tube and the capillary number using a lubrication
approximation. For a range of capillary numbers (10−3 < Ca < 10−2), there was fairly good
agreement between the correlation m ∝ Ca2/3 presented in Bretherton (1961) and results in Cox
(1962).
Ratulowski and Chang (1990) studied the effect of Marangoni stresses produced by trace impu-












Figure 2.1 Schematic of the fluid displacement experiment. Fluid 1 and 2 denote displacing and
displaced fluids, respectively, from a tube with diameter a and length L. An annular-residual film
with thickness t remains inside the capillary tube after fluid displacement. The displacing fluid is
pumped with mean velocity Um and penetrating tip velocity Ut. Axial and radial coordinates are
denoted z and r, respectively; n denotes an interface outward normal.
different convective, diffusive and kinetic timescales. They found that the viscous fluid film thick-
ness increased by a maximum factor of 42/3 at low Ca, and at large Ca scaled with an exponent of
2/3 similar to the results in Bretherton (1961). Recently, Lu et al. (2018) experimentally studied
the effect of surfactant on residual film thickness by displacing silicone oil in 100 and 200 µm diam-
eter capillary tubes (as well as in near-semicircular and square cross section tubes) using aqueous
glycerol containing surfactant at concentrations above its CMC. Dynamic interfacial tension γ(t)
between the displacing and displaced fluids was used to calculate Ca′ = µ2U ′m/γ(t) which is a mod-
ified capillary number based on superficial displacing fluid velocity U ′m = 4Q/(π(a − 2t)2), where
Q denotes the displacing fluid’s flow rate. However, dynamic surface tension (air-displacing fluid)
was used to estimate dynamic interfacial tension between the displaced and displacing fluids which
is surprising since the gaseous phase is absent in a liquid-liquid displacement. These researchers
found residual film thinning as Ca′ increased which is in contrast to most studies on immiscible
displacement (Fairbrother and Stubbs, 1935; Taylor, 1961; Bretherton, 1961; Cox, 1962; Ratulowski
and Chang, 1989, 1990; Olgac and Muradoglu, 2013).
The manuscript is divided into four main sections. Next, we present the analysis of immiscible
fluid displacement with surfactants introduced ab initio and surfactants formed in-situ followed
21
by a brief description of the experimental setup, materials used and procedure. Afterwards, we
present the experimental results consisting of image analysis, interface curvature measurements,
and measurement of fraction m as a function of dimensionless numbers Ca, Bi, and Da. This is
followed by a discussion of results including possible explanations for the observed behavior of m
for immiscible displacement with surfactants added/present ab initio and formed in-situ; the paper
ending with a brief summary and concluding remarks.
2.2 Analysis: ab initio and in-situ surfactants
Consider the setup shown in Fig. 2.1 of a typical immiscible fluid displacement from a porous
media, represented here as an axisymmetric capillary tube. Fluid 1, with density ρ1 and absolute
viscosity µ1 (aqueous phase) is pumped at mean velocity Um to displace fluid 2, an oil with density
ρ2 and absolute viscosity µ2; where µ1/µ2  1 and ρ1 ≈ ρ2 (here and throughout subscript i = 1 or
2 is used to denote a particular fluid phase either aqueous or oil phase). Here, a denotes capillary
tube diameter and t denotes an approximate residual oil film thickness inside the capillary tube.
z and r denote the axial and radial directions, respectively. Since the two fluids are immiscible,
the boundary between them is sharp, so film thickness t remains nearly constant. In the limit of
low Reynolds Re = ρ2Uma/µ2  1 and Froude (ρ1 − ρ2)ga/(ρ2U2m)  1 numbers, the equations
governing conservation of mass and momentum for each phase reduce to ∇ · vi = 0 and Stokes
flow −∇Pi +µi∇2vi = 0, respectively; where Pi and vi denote static pressure and velocity in each
phase, respectively.
At the liquid-liquid interface there is a jump in normal stress n · ||σ|| · n = −γκ, with stress
defined as σi = −PiI + τi where τi = µi[(∇vi + (∇vi)T ] is the viscous stress contribution. This
jump in normal stress is balanced by the product of curvature, κ = −∇ ·n, and surface tension, γ
where n is the outward pointing normal vector. Surfactants directly affect the magnitude of surface
tension and will reduce its value depending on local surface-surfactant concentration, Γ. Gradients
in surface tension, called Marangoni stresses, caused by convection and diffusion of surfactant are
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also present but we do not discuss them directly in this manuscript since their effects are difficult
to directly determine from these displacement experiments.
Using the tip velocity, capillary tube diameter and capillary pressure γeq/a we non-dimensionalize





the capillary number. This parameter also appears in the dimensionless form of the interface
normal stress balance; where it determines the magnitude of viscous stresses, which tend to deform
an interface relative to surface tension which tends to reinforce it. Note that the equilibrium surface
tension γeq is used to define the capillary pressure, and is defined as the surface tension measured
under static conditions and as t → ∞. To specifically determine surfactant distribution on the
interface one must use a species conservation equation (Stone, 1990),
dΓ
dt
+ ∇s · (vsΓ) + (∇s · n)(n · v)Γ = j (2.3)
where vs = [I−nn] ·v. Here, we neglected surface diffusion in this expression and therefore assume
a balance between only convection and surfactant flux to the interface, j, although surface diffusion
may be relevant depending on surface Péclet number (White and Ward, 2019).
In general there is an inverse relationship between the concentration of surfactant on a surface,
Γ, and surface tension, γ. An equation of state is required to relate these two quantities for
each surfactant species, along with including non-linear interactions between individual surfactant
molecules. Here, we consider the non-linear equation of state for a single surfactant species
















Here R denotes the universal gas constant, and T the static temperature. The bulk-surface
surfactant distribution coefficient relates adsorption, β, and desorption, α, rates according to
the relationship Keq = β/α. The equation of state was derived from the Frumkin isotherm
[Γeq/Γ∞] = [Keqc0]/[e−λΓeq/Γ∞ + Keqc0] that is used to relate a bulk subsurface concentration,
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c0, to an equilibrium surface concentration, Γeq (Lucassen-Reynders, 1966; Chang and Franses,
1995; Prosser and Franses, 2001). The parameter φ is either 1 or 2 denoting a non-ionic or ionic
species, respectively. This isotherm for a single surfactant species has three unknown parameters
Γ∞, λ and Keq representing the maximum surface coverage, molecular interaction parameter and
bulk distribution coefficient, respectively.
2.2.1 Single surfactant species introduced ab initio
By introducing a single surfactant species to the aqueous phase ab initio we will drive a flux
of surfactant to the interface that may eventually reach equilibrium depending on flow velocity.
To determine the balance between these two driving terms we need a surfactant flux equation to
match the equation of state and isotherm. The flux j of surfactant to the interface based on the


















called the adsorption and desorption Biot numbers. These parameters are used to relate the
adsorption/desorption rate of surfactant to/from the interface to the characteristic time a/Ut.
2.2.2 Multiple surfactant species introduced ab initio
Multiple surfactants introduced ab initio represents most plant based oils, which contain triglyc-
erides along with mono- or poly-unsaturated and saturated fatty acids. The fatty acids in particular
(carboxylic acids) are known surfactants. Developing descriptive physicochemical analyses of these
compounds poses a challenge since determining an isotherm for systems involving multiple surfac-
tants requires intimate knowledge of possible non-linear interactions. We still report results for
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displacements involving water and corn oil as ab initio where appropriate, but cannot estimate
Biot number operating parameters. We also report results for experiments performed by removing
these fatty acids to show that pure triglycerides are not surfactants.
2.2.3 In-situ surfactant production
Saturated, mono- and poly-unsaturated carboxylic acids present in vegetable oil react with
alkali via in-situ saponification reaction and form sodium carboxylate salts and water as shown
below:
R− COO−H+ +Na+OH− → R− COO−Na+ +H2O
where R represents saturated, mono- or poly-unsaturated carboxylate group. Surfactants formed
in-situ also pose a challenge in terms of using descriptive physicochemical analyses similar to
those for single surfactant species. This is due to two main issues: 1) determining an isotherm
for multiple surfactants requires intimate knowledge of possible non-linear interactions (similar to
multiple surfactants introduced ab initio), and 2) how to properly account for the formation of
surfactant species. Some surface science studies only consider the adsorption component of the flux
equation to simplify analysis, and this technique could also be used for surfactant formed in-situ.
But it is more common to assume a direct relationship between transient changes in surface tension
and the chemical reaction rate (Fernandez and Homsy, 2003; Shi and Eckert, 2006; van Nierop





Here γ(t) is the transient surface tension value at time t and γ∗ is the initial transient surface
tension. This expression cannot account for surfactant formed using complex higher order rates
of change in surface tension as there is no means to include concentration in Eq. 2.7. We can






This single parameter will be used to characterize immiscible displacements with in-situ sur-
factant formation.
2.3 Experiments: setup, materials, and procedure
2.3.1 Materials and fluid displacement apparatus
The experimental setup used in this study was similar to the one used to study miscible dis-
placement in Soori and Ward (2018). A glass capillary tube (Drummond Scientific) with inner
diameter a ≈ 800 µm and length L = 100 mm was contained inside a 25.4 mm × 25.4 mm × 100
mm size clear acrylic box. The acrylic box was filled with glycerol to minimize distortion created
by the glass capillary’s curved surface. Typical refractive indices for borosilicate glass, acrylic, and
glycerol are 1.52, 1.48, and 1.47, respectively. The capillary tube inlet was connected to a 25.4
mm × 25.4 mm × 25.4 mm size acrylic piece that acted as an inlet manifold. An inverted ‘T’
shaped channel of circular cross section was drilled into the inlet manifold. The top opening was
connected to a tube in series with a two-way valve which acted as a relief valve to remove any air
bubbles prior to performing an experiment. The other two ends of the ‘T’ were connected to 1) the
capillary tube inlet, and 2) a tube carrying displacing fluid from a syringe mounted on a syringe
pump. We used a programmable syringe pump (New Era Pump Systems, Inc.) driven by a stepper
motor, and a plastic syringe (1 ml capacity) with luer slip connection to drive the displacing fluid.
The capillary tube’s outlet was connected to a plastic tube in series with a two-way valve. Fig. 4.2
shows the experimental setup.
2.3.2 Fluids
Light mineral oil (make: Fisher scientific, used as received) and silicone oil (make: Clearco
products, used as received) were used as displaced fluids, and two aqueous solutions of sodium
dodecyl sulfate (SDS, make: Fisher scientific, used as received, 99% purity) at 2.5 mol m−3 and 7.5
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Figure 2.2 (a) Experimental setup of fluid displacement. The labels correspond to the following:
(I) syringe pump, and (II) Pixelink CCD camera, (III) capillary displacement setup, (IV) light
source. (b) Capillary displacement setup. The labels correspond to the following. (V) outlet, (VI)
capillary tube (L = 100 mm), (VII) relief valve, and (VIII) inlet.
mol m−3 concentration were used as displacing fluids for displacement experiments with surfactant
added ab initio. The CMC of SDS obtained from the literature (Mukerjee and Mysels, 1971) was
≈ 8.2 mol m−3 and the adsorption and desorption rate coefficients were obtained from White and
Ward (2015, 2019). Corn oil (make: Crisco, used as received) was used as displaced fluid, and
aqueous solutions of NaOH (Fisher Scientific, used as received, 98.8% purity) at concentrations
cNaOH = 2.5, 25, 50, and 100 mol m
−3 were used as displacing fluid for displacement experiments
with surfactant formed in-situ. Corn oil used in experiments with surfactant formed in-situ had
14.3, 57.1, and 28.6 (%) of saturated, poly-unsaturated, and mono-unsaturated fats (some in the
form of triglycerides), respectively. The presence of highly surface active mono- or poly-unsaturated
and saturated fatty acids in corn oil make it difficult to study the saponification reaction between
triglycerides and aqueous NaOH. Hence, we mixed 80 g/L Florisil (make: Sigma Aldrich, 30-60
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mesh, MW = 100.39 g/mol, used as received) with corn oil to remove mono- or poly-unsaturated
and saturated fatty acids (Gaonkar, 1989) to obtain filtered corn oil containing mostly triglycerides.
For simplicity, here and throughout we distinguish the displacing fluids: water, aqueous SDS,
and aqueous NaOH using notations 1A, 1B, and 1C, respectively while the displaced fluids: light
mineral oil, silicone oil, and corn oil are distinguished using the notation 2A, 2B, and 2C, re-
spectively. Shear viscosity and density of displacing and displaced fluids are shown in Table 2.1.
Table 2.2 shows equilibrium surface tension values for aqueous SDS (1B) pendant drops in light min-
eral oil (2A) and silicone oil (2B) while Table 2.3 shows model constants for aqueous surfactant-oil
systems, both obtained from White and Ward (2019).
Table 2.1 Properties of displacing and displaced fluids
Fluid µi × 10−3 (Pa s) ρi (kg m−3)
Displacing fluid
1A Water
1 10001B aqueous SDS
1C aqueous NaOH
Displaced fluid
2A Light mineral oil 48±0.2 830
2B Silicone oil 560±5.1 970
2C Corn oil 59±0.7 930
Table 2.2 Equilibrium surface tension for aqueous SDS (1B) in light mineral oil (2A) and silicone
oil (2B) obtained from White and Ward (2019)
Fluid pair cSDS (mol m






Table 2.3 Model constants corresponding to the best fits of Frumkin isotherm and equation of state
for aqueous surfactant-oil systems used in displacement experiments with surfactant added ab initio
Fluid pair Γ∞ (mol m−2) Keq (m3 mol−1) λ
1B+2A 3.84 × 10−6 10.6 -3.88
1B+2B 2.06 × 10−6 1.53 -1.89
28
2.3.3 Surface tension and reaction rate measurements
An in-house pendant drop tensiometer setup similar to the one in White and Ward (2015, 2019)
was created to measure interfacial tension of a drop in a continuous phase liquid. Corn oil (2C)
(filtered and unfiltered) was placed in a transparent 50 mm × 50 mm × 50 mm acrylic container and
a vertically oriented syringe pump (New Era Pump Systems) was used to create drops of aqueous
NaOH (1C) using a 100 µl Hamilton gas tight syringe with a 22 gauge stainless steel (type 3) needle.
A 15 W fluorescent light source was placed directly behind the acrylic container to illuminate the
drop. A CCD camera (PixeLINK) placed in front of the acrylic container captured images of the
drop with a resolution of 2200 × 2700 pixels. Drop volumes ranged from 1 to 30 µl so that the
drops were both not too spherical and remained attached to the needle. Pendant drops were formed
at a rate of 80 µl/min. Experiments typically lasted between 5 and 30 minutes. Images of drops
were taken over time at 2 - 20 seconds intervals and processed using an in-house code written in
MATLAB programming language that utilized a pattern search minimization algorithm (White and
Ward, 2015) to determine transient surface tension values. The process was repeated for different
NaOH concentrations in the range 0 ≤ cNaOH(mol m−3) ≤ 100.
Fig. 2.3(a) shows surface tension versus time measured using pendant drop experiments for
aqueous NaOH (1C) pendant drops of different concentrations in bulk corn oil (2C, filtered = gray,
and unfiltered = black). As the NaOH concentration was increased, the equilibrium surface tension
values decreased with time. Solid lines show curve fits for Eq. 2.7. Similarly in Fig. 2.3(b), we
plot minimum equilibrium surface tension of aqueous NaOH (1C) drop in bulk corn oil (2C) for
various NaOH concentrations. The solid line in Fig. 2.3(b) show best fits resulting in γeq = 1.3 ×
10−1[cNaOH ]−0.6 and γeq = 2.3 × 10−3[cNaOH ]−0.6 for filtered and unfiltered corn oil, respectively,
where cNaOH denotes concentration of NaOH in mol m
−3. Inset Fig. 2.3(c) shows transient surface
tension rate constants measured by fitting Eq. 2.7 to transient surface tension data shown in
Fig. 2.3(a). The solid lines in this inset show best fits resulting in k = 8.8 × 10−5[cNaOH ]0.4 and
k = 1.6 × 10−2[cNaOH ]1.1 for filtered and unfiltered corn oil, respectively. Table 2.4 shows initial
(γ∗) and final (γeq) equilibrium surface tension along with surface tension rate of change constant
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k for various aqueous NaOH concentrations in corn oil (filtered and unfiltered). The reader must
note that experimental surface tension measurement for a 100 mol m−3 aqueous NaOH pendant
drop in corn oil was not successful due to an instability resulting in pendant drop breakup. Hence,
we obtained γeq and k values for 100 mol m
−3 aqueous NaOH by extrapolating the best fit of
experimental data shown in Fig. 2.3(b)-(c).
In Fig. 2.3(a), we see that transient surface tension value γ for water(1A)-filtered corn oil (2C,
gray color) remains relatively constant unlike for water(1A)-unfiltered corn oil (2C, black color)
where we see a decrease in γ with time. This confirms that we were able to remove most of
the mono- or poly-unsaturated and saturated fatty acids by mixing 80 g/L Florisil with corn oil,
leaving only triglycerides. In Fig. 2.3(b), the surface tension rate of change constant k for aqueous
NaOH (1C) drops of cNaOH = 25, 50, and 100 (mol m
−3)-filtered corn oil (2C, gray color) were at
least 3 orders of magnitude lower than their corresponding aqueous NaOH (1C)-unfiltered corn oil
(2C, black color) pairs, suggesting that the highly surface active mono- or poly-unsaturated and
saturated fatty acids react with aqueous NaOH to produce surfactants in-situ at a much higher
rate than triglycerides alone.
2.3.4 Experiment procedure and threshold image analysis
The capillary tube was first filled with fluid 2 (displaced fluid) through the capillary tube outlet,
then the two-way valve at the outlet end was closed. Using the syringe pump, we injected fluid
1 (displacing fluid) from the capillary tube inlet. By proper manipulation of the relief valve, we
removed any air bubble between the two fluid phases then closed the relief valve. Next, the outlet
valve was opened and displacement experiments were run by specifying a syringe pump flow rate.
The syringe pump flow rate was varied between 20 - 3000 µl/min.
The fluid displacement experiments, captured as videos using the CCD camera, were analyzed
using an in-house code written in MATLAB programming language. The captured video frames
had a resolution of 580 × 100 pixels and each pixel had 4.8 µm × 4.8 µm area resolution. Videos
were captured well before the displacing fluid finger tip entered the camera’s viewing region, and
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Figure 2.3 (a) Log-log plot of transient surface tension of aqueous NaOH (1C) pendant drop in bulk
corn oil (2C, filtered (gray color) and unfiltered (black color)) versus time, measured using pendant
drop technique. Symbols represent experiment data and solid line represents curve fits for Eq. 2.7.
(b) Log-log plot of approximate equilibrium surface tension versus aqueous NaOH concentration
for corn oil (1C) + aqueous NaOH (2C) from pendant drop data. Solid lines show best fits resulting
in γeq = 1.3× 10−1[cNaOH ]−0.6 and γeq = 2.3× 10−3[cNaOH ]−0.6 for filtered and unfiltered corn oil,
respectively, where cNaOH denotes concentration of NaOH in mol m
−3. Inset (c) shows log-log plot
of surface tension rate of change constant k versus aqueous NaOH concentration. Solid lines in
inset show best fits resulting in k = 8.8× 10−5[cNaOH ]0.4 and k = 1.6× 10−2[cNaOH ]1.1 for filtered
and unfiltered corn oil, respectively.
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Table 2.4 Initial and equilibrium surface tension for water (1A) and various aqueous NaOH (1C)
strength in corn oil (2C, filtered and unfiltered) determined using pendant drop method.




1A+2C (filtered) 0 36 35.3 –
1C+2C (filtered)
25 33.6 17.9 3.31 ×10−4
50 30.5 16.4 3.97 ×10−4
100 33.3 7.9 5.77 ×10−4
1A+2C (unfiltered) 0 26.3 16.1 –
1C+2C (unfiltered)
0.1 19.3 9.7 1.22 ×10−3
0.125 20.5 6.8 1.43 ×10−3
0.2 10.8 5.9 1.25 ×10−3
0.25 11.5 5 1.94 ×10−3
0.5 11.8 5.9 2.46 ×10−3
1 10.4 3.7 1.53 ×10−3
5 5 1.9 1.43 ×10−1
10 1.6 0.33 6.69 ×10−1
50 0.19 0.13 1.64
continued until the finger moved out of view. Approximate length of capillary tube section captured
by the CCD camera ranged from 5 mm at high frame rates to 10 mm at low frame rates. Light
intensity of each frame was measured in the axial position, and plotted against the axial direction
pixel numbers. The displacing fluid finger-tip was tracked by identifying the axial location where
light intensity was minimum. Then, displacing fluid finger-tip displacement versus time data was
used to calculate the tip velocity Ut. Fig. 2.4(a) shows typical pixel intensity values versus ax-
ial position (column number) for displacement experiments with surfactant formed in-situ, while
(b) shows image of the corresponding displacing fluid finger, penetrating the displaced fluid. In
Fig. 2.4(a)-(b) red ∗ denotes the location of displacing fluid finger-tip. The average velocity Um
was determined by assuming Poiseuille flow based on the syringe pump flow-rate and capillary tube
diameter. Finally, using Eq. 4.2 we estimated the residual film thickness m for all experiments.
The experiments were repeated for different displacing and displaced fluid pairs. To avoid
contamination from previous experiments, the setup was cleaned by injecting soap solution followed









Figure 2.4 (a) Average pixel intensity versus horizontal pixel number denoted by column num-
ber. Red ∗ denotes the location of displacing fluid finger tip. (b) Image of displacing fluid finger
penetrating the displaced fluid. Scale bar corresponds to 500 µm.
each experiment. The same displacement process was repeated for both displacement experiments
with surfactant added/present ab initio and formed in-situ. To quantify errors in experimental data,
multiple experimental runs were performed. We note that at low flow rates, small-linear translation
of syringe pump plunger driven by a stepper motor introduced errors in Um and Ut measurements.
The range of dimensionless numbers explored in experiments were: capillary numbers 1.2× 10−3 ≤
Ca ≤ 70, adsorption Biot numbers, 2.9×10−8 ≤ Biβ ≤ 1.7×10−5, Damkohler numbers 3.7×10−3 ≤
Da ≤ 2.7, Reynolds numbers based on mean velocity, 9.2× 10−4 ≤ Re ≤ 1.4, and Froude numbers
1.8× 10−6 ≤ Fr ≤ 2.6× 10−1. Due to higher shear forces between fluid pairs used in displacement
experiments with no surfactant and surfactant added/present ab initio, the maximum Ca used in
experiments were 5.1×10−2 for 1A+2A, 2×10−1 for 1A+2C, 8.4×10−2 for 2.5 mol m−3 1B+2A,
4.5×10−2 for 7.5 mol m−3 1B+2A, and 5.3×10−1 for 7.5 mol m−3 1B+2B, respectively, beyond
which the displacing fluid finger broke up into multiple liquid plugs. The 2.5 mol m−3 1C+2C
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experiments was the only fluid pair used with surfactant formed in-situ that exhibited displacing
fluid finger break up at Ca = 5.2×10−1 and beyond.
2.4 Results
2.4.1 Images of displacing fluid interface shape
Fig. 2.5 shows an array of displacing fluid intruding interface shapes for displacement experi-
ments with no surfactant, surfactant added/present ab initio, and surfactant formed in-situ. Row
1 shows interface shapes for light mineral oil (2A) displaced by water (1A) (no surfactant) at dif-
ferent Ca. Rows 2 and 3 show interface shapes for light mineral oil (2A) displaced by 7.5 mol m−3
aqueous SDS (1B) (single surfactant species added ab initio) and corn oil (2C) displaced by water
(1A) (multiple surfactant species present ab initio) at different Ca and Biβ. Biβ is shown only for
row 2 since we could not estimate Biot number operating parameters for corn oil - water (1A+2C)
where corn oil contained multiple surfactant species ab initio. Rows 4 and 5 show interface shapes
for corn oil (2C) displaced by 50 mol m−3 and 100 mol m−3 aqueous NaOH (1C) (surfactant formed
in-situ) at different Ca and Da. We also show the capillary tube inner boundaries using solid black
lines and in row 5, the gap between top solid and broken black line shows the typical displaced
fluid film thickness.
Ca values for displacement experiments with no surfactant, single surfactant species added ab
initio, and multiple surfactant species present ab initio were in the range 1.2 × 10−3 ≤ Ca ≤
1.9 × 10−1 (rows 1-3) while for displacement experiments with surfactant formed in-situ were in
the range 0.4 ≤ Ca ≤ 70 (rows 4-5). The displaced fluid film was thin at low Ca for displacement
experiments with no surfactant, single surfactant species added ab initio, and multiple surfactant
species present ab initio as seen in rows 1-3 while displacement experiments with surfactant formed
in-situ had thicker films as seen in rows 4-5. While the change in interface shapes and film thickness
is small in rows 1-3, a closer look at rows 4-5 reveal dramatic change in interface shapes and film
thickness as Ca is increased.
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1A+2A
Ca = 1.2 × 10−3 Ca = 6.6 × 10−3 Ca = 1.5 × 10−2 Ca = 5.1 × 10−2
7.5 mol m−3
1B+2A
Ca = 2.7 × 10−3 Ca = 8.3 × 10−3 Ca = 1.9 × 10−2 Ca = 4.5 × 10−2
Biβ = 1.7 × 10−5 Biβ = 5.5 × 10−6 Biβ = 2.4 × 10−6 Biβ = 1 × 10−6
1A+2C
(unfiltered)
Ca = 2.8 × 10−3 Ca = 2 × 10−2 Ca = 1 × 10−1 Ca = 2 × 10−1
50 mol m−3
1C+2C
(unfiltered) Ca = 0.4 Ca = 0.7 Ca = 2.3 Ca = 8.8
Da = 1.3 Da = 1.8 × 10−1 Da = 9.3 × 10−2 Da = 8.5 × 10−3
100 mol m−3
1C+2C
(unfiltered) Ca = 0.6 Ca = 2.6 Ca = 9.7 Ca = 70
Da = 2.7 Da = 3.9 × 10−1 Da = 1.9 × 10−1 Da = 1.8 × 10−2
1
Figure 2.5 Array of intruding-displacing fluid interface shapes for displacement experiments without
surfactant (row 1), single surfactant species added ab initio (row 2), multiple surfactant species
present ab initio (row 3), and with surfactant formed in-situ (rows 4-5). Scale bars correspond to
0.5 mm length. Solid black lines show the capillary tube inner diameter. In row 5, the gap between
top solid and broken black line shows the approximate displaced fluid film thickness. Ca, Biβ, and
Da stand for capillary, adsorption Biot, and Damköhler numbers respectively.
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2.4.2 Interface shape and curvature analysis
Using threshold image analysis, we tracked the radial position r of the interface along the axial
position z until r reached a constant value (i.e., uniform film thickness) and used this data to curve







where I and J are constants.
From Fig. 2.1, the outward normal to interface n can be written in terms of r and z as n =
[∇(r − z)]/[|∇(r − z)|] where ∇ is the gradient operator in cylindrical coordinates. Curvature is
determined using the expression κ = −∇ · n. Inserting the expression for an ellipse shown above
into this equation produces an explicit equation for curvature in terms of the constants: I, J , once
we find r = f(z).
Fig. 2.6(a) shows typical interface shapes in terms of r(z) and Fig. 2.6(b) shows κ values
determined using the expression above for different Ca values. Black colored curves correspond to
light mineral oil (2A) displaced by water (1A, no surfactant), blue colored curves correspond to
light mineral oil (2A) displaced by 7.5 mol m−3 aqueous SDS (1B, single surfactant species added
ab initio), and red colored curves corresponds to corn oil (2C, unfiltered) displaced by 100 mol
m−3 aqueous NaOH (1C, surfactant formed in-situ). Dashed and solid lines correspond to lowest
and highest flow rate used in the experiment except for experiment with surfactant formed in-situ
where intermediate Ca=9.7 (red color: dotted line) had lower film thickness (see Fig. 2.5 row 5)
than both lowest and highest Ca. Insets Fig. 2.6(c)-(d) show typical displacing fluid finger tips for
no surfactant and surfactant formed in-situ cases, respectively, with dotted lines showing the pixel
location from threshold image analysis and solid line showing the ellipse fit.
In Fig. 2.6(b), displacement experiments without surfactant (black color) and single surfactant
species added ab initio (blue color) had almost the same κ at both low (dashed line) and high
(solid line) Ca. For displacement experiments with surfactant formed in-situ (red color: dashed,
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Figure 2.6 (a) Interface tip position r (mm) versus axial location z (mm). (b) Semilog plot of
interface curvature κ (mm−1) versus axial position z (mm) for different fluid pairs and Ca. Black
colored curves correspond to light mineral oil (2A) displaced by water (1A, no surfactant), blue
colored curves correspond to light mineral oil (2A) displaced by 7.5 mol m−3 aqueous SDS (1B,
single surfactant species added ab initio), and red colored curves corresponds to corn oil (2C,
unfiltered) displaced by 100 mol m−3 aqueous NaOH (1C, surfactant formed in-situ). Dashed and
solid lines correspond to lowest and highest flow rate used in the experiment except for experiment
with surfactant formed in-situ where intermediate Ca=9.7 (red color: dotted line) had lower film
thickness than both lowest and highest Ca. Insets (c)-(d) show typical displacing fluid finger tips
for no surfactant (1A+2A) and surfactant formed in-situ cases (100 mol m−3 1C+2C, unfiltered),
respectively, with dotted lines showing the pixel location from threshold image analysis and solid
line showing the Eq. 2.9 ellipse fit.
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dotted, and solid lines), κ followed a completely different trend when compared to experiments
with no surfactant and single surfactant species added ab initio. For surfactant formed in-situ
case, κ initially decreased to reach a minimum and then increased again as we increased Ca. The
displacing fluid finger had the highest κ at the lowest Ca (red color: dashed line Ca = 0.6) and
minimum curvature at a intermediate Ca (red color: dotted line Ca = 9.7) and then increased
again to a second maximum (red color: solid line Ca = 70) at highest Ca.
2.4.3 Residual film, m, versus capillary number Ca
Fig. 2.7 shows a semilog plot of fraction m versus capillary number Ca for displacement ex-
periments with no surfactant, single surfactant species added ab initio, multiple surfactant species
present ab initio, and surfactant formed in-situ. Symbols × and ∗ represent light mineral oil (2A)
and filtered corn oil (2C) displaced by water, respectively (no surfactant). Unfilled symbols rep-
resent light mineral oil (2A) and silicone oil (2B) displaced by aqueous SDS (1B) solutions (single
surfactant species added ab initio) as well as unfiltered corn oil (2C) displaced by water (1A) (mul-
tiple surfactant species present ab initio) and filled symbols represent corn oil (2C) displaced by
aqueous NaOH (1C) solutions (surfactant formed in-situ) where gray and black colors distinguish
between filtered and unfiltered corn oil, respectively. Dots represent Taylor’s experimental data
(Taylor, 1961), solid line represents Ca1/2 (Fairbrother and Stubbs, 1935), and broken line repre-
sents m = 1 − (1 − [1.34Ca2/3/(1 + 1.34 × 2.5Ca2/3)])2 (Aussillous and Quéré, 2000). Error bars
obtained from multiple experimental runs at low Ca are larger due to reduced accuracy of the
syringe pump which was driven by a stepper motor (see 1A+2A data point at low Ca). However,
error bars at higher Ca are smaller than the symbols (see 100 mol m−3 1C+2C data point at high
Ca). The reader should note that equilibrium surface tension γeq was used to calculate Ca.
For experiments with surfactant added ab initio (single surfactant species), m was in the
range 0.1≤ m ≤ 0.34 for fluid pair 1B+2A with cSDS = 2.5 and 7.5 mol m−3 for 2.4×10−3 ≤
Ca ≤4.5×10−3 and 0.21≤ m ≤ 0.51 for fluid pair 1B+2B with cSDS = 7.5 mol m−3 for 2.2×10−2 ≤
Ca ≤5.3×10−1. For experiments with surfactant present ab initio (multiple surfactant species),
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m was in the range 0.15≤ m ≤ 0.43 for fluid pair 1A+2C (unfiltered) for 2.8×10−2 ≤ Ca ≤0.2.
All these experiments showed displacing fluid finger break-up above these Ca upper limits. Sim-
ilarly, for experiments with surfactant formed in-situ, m was in the range 0.24≤ m ≤ 0.54 for
fluid pair 1C+2C (unfiltered) with cNaOH = 25, 50, and 100 mol m
−3 for 0.17≤ Ca ≤70. An
exception was the experiment set with fluid pair 1C+2C (unfiltered) with cNaOH = 2.5 mol m
−3
which had 0.12≤ m ≤ 0.26 for 3.2×10−2 ≤ Ca ≤5.2×10−1 beyond which we saw displacing fluid
finger break-up.
Figure 2.7 Semilog plot of fraction m versus capillary number Ca for displacement with no surfac-
tant, single surfactant species added ab initio, multiple surfactant species present ab initio, and
surfactant formed in-situ. × and ∗ represent displacement of light mineral oil (2A) and filtered
corn oil (2C) by water (1A), respectively (no surfactant). Unfilled symbols represent displacement
of either light mineral oil (2A) or silicone oil (2B) by 2.5 and 7.5 mol m−3 aqueous surfactant
(1B) solutions (single surfactant species added ab initio) as well as unfiltered corn oil (2C) dis-
placed by water (1A) (multiple surfactant species present ab initio) and filled symbols represent
displacement of corn oil (2C, filtered:gray, unfiltered:black) by 2.5, 25, 50, and 100 mol m−3 aqueous
NaOH (1C) solutions (surfactant formed in-situ). Dots represent Taylor’s experimental data [Tay-
lor (1961)], solid line represents Ca1/2 [Fairbrother and Stubbs (1935)], and broken line represents
m = 1− (1− [1.34Ca2/3/(1 + 1.34× 2.5Ca2/3)])2 [Aussillous and Quéré (2000)].
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2.4.4 Displacement experiments with surfactants added ab initio and formed in-situ
In addition to Ca, we measured Biot number Bi to quantify the relative importance of surface
convection and sorption of surfactant at the interface. Fig. 2.8(a) shows semilog plot of fraction m
versus adsorption Biot number Biβ for light mineral oil (2A) displaced by 2.5 mol m
−3 and 7.5 mol
m−3 aqueous SDS (1B) and silicone oil (2B) by 7.5 mol m−3 aqueous SDS (1B) (single surfactant
species added ab initio). The reader must note that we do not report the m versus Bi data for corn
oil (2C) displaced by water (1C) (multiple surfactant species present ab initio surfactant) since
we could not estimate Biot number operating parameters for this experiment set. Similarly, for
displacement with surfactant formed in-situ, in addition to Ca, we measured Damköhler number
Da calculated using surface tension rate of change constant k to quantify the effect of transient
changes in surface tension due to a saponification reaction. Fig. 2.8(b) shows a semilog plot of
fraction m versus Damköhler number Da for corn oil (2C, filtered:gray, unfiltered:black) displaced
by aqueous NaOH (1C) at cNaOH = 2.5, 25, 50 and 100 mol m
−3.
2.5 Discussion
In Fig. 2.7, fraction m for displacement experiments with no surfactant, single surfactant species
added ab initio, and multiple surfactant species present ab initio, agreed fairly well with Taylor’s
experimental data (Taylor, 1961) even though the range of Ca used here was fairly small. Light
mineral oil (2A) and silicone oil (2B) displaced by aqueous surfactant solutions (1B, single surfactant
species added ab initio) had trends similar to corn oil (2C) displaced by water (1A, multiple
surfactant species present ab initio), light mineral oil (2A) displaced by water (1A) (no surfactant
case), and Taylor’s experimental data (Taylor, 1961). These sets of experiments agreed fairly well
with the relation Ca1/2 proposed by Fairbrother and Stubbs (1935) for Ca < 0.09. For the lowest
possible flow rate generated by the syringe pump, m had a fairly large error which decreased with
increasing flow rate and at the highest flow rate errors were smaller than the symbol (see Fig. 2.7
high Ca).
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Figure 2.8 (a) Semilog plot of fraction m versus adsorption Biot number Biβ for displacement of
light mineral oil (2A) using 2.5 mol m−3 and 7.5 mol m−3 aqueous SDS (1B) and silicone oil (2B)
using 7.5 mol m−3 aqueous SDS (1B, single surfactant species added ab initio). (b) Semilog plot of
fraction m versus Damköhler number Da for corn oil (2C, filtered:gray, unfiltered:black) displaced
by 2.5, 25, 50, and 100 mol m−3 aqueous NaOH (1C, surfactant formed in-situ)
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For experiments with no surfactant, single surfactant species added ab initio, and multiple
surfactant species present ab initio, the Ca values were in the range 2.4×10−3 ≤ Ca ≤5.3×10−1.
Experimentally measured m values when compared to Taylor’s experimental data (Taylor, 1961),
did not have large deviations. However, this is in contradiction to experimental observations of Lu
et al. (2018) where they observed a film thinning effect while displacing silicone oil using aqueous
SDS solutions of strength cSDS = 16.4 mol m
−3. A possible explanation for this thinning could be
due to their bulk surfactant concentration being higher than the CMC which might have resulted
in adsorption of surfactant micelles onto the interface.
Thicker films were observed in computations done by Ratulowski and Chang (1989, 1990) and
Olgac and Muradoglu (2013) where a gas bubble displaced surfactant laden liquid with Marangoni
stresses acting on the interface due to a gradient in surfactant concentration. This thickening ef-
fect is also contrary to what we observed and this could be due to different operating conditions
between their simulations and experimental results presented here. As a gas bubble penetrates
through a surfactant laden fluid, the maximum surface concentration of surfactant at the gas-liquid
interface can reach equilibrium where as a surfactant laden displacing fluid penetrates a displaced
fluid, new liquid-liquid interface is created which requires adsorption of surfactant from the bulk
thus facilitating a mechanism to produce a regular film thickness.
In Fig. 2.8 (a), we plotted fraction m versus adsorption Biot number Biβ for displacement
experiments using aqueous solutions of single surfactant species added ab initio. It is important
to note that as Biβ decreases the film thickness seems to reach the asymptotic value of 0.6 which
has been observed by both Taylor (1961) and Cox (1962). This seems to suggest experiments
were within a range where absorption/desorption transitioned from being irrelevant to relevant.
However, further experiments with different surfactant and displacing-displaced fluid pairs would
be needed to confirm if Biot number within a similar range would produce these same results.
For experiments with surfactant formed in-situ, we have plotted the fraction m versus Da which
is a function of surface tension rate of change constant k in Fig. 2.8 (b). We can clearly see that
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fraction m reaches an asymptotic value that differs from both Taylor’s (m ≈ 0.56) (Taylor, 1961)
and Cox’s (m ≈ 0.6) Cox (1962) observations. A possible explanation for this could be due to in-situ
saponification reactions creating surfactant that are able to adsorb to the interface above their CMC
thus resulting in a completely different behavior than displacement experiments without surfactant,
single surfactant species added ab initio, and multiple surfactant species present ab initio. However,
this can be confirmed only by selecting a reactive system that produces a known surfactant at the
interface whose composition and transport properties can be carefully characterized in-situ. But
this explanation agrees with results from Lu et al. (2018) where they observed thinning behavior for
surfactant above the CMC. Were the number of surfactant species produced in-situ, their sorption
kinetics, initial bulk concentration, CMC, and non-linear interaction behavior known, upscaling
of the present study can be done by developing an improved version of Eq. 2.7, where the right
hand side exponential function can be replaced by a more robust one (Torrealba and Johns, 2017;
Putra and Hakiki, 2019). However, this is not possible in this current study due to difficulty in
experimentally determining these parameters.
Additionally for experiments shown as 1C+2C in Fig. 2.7 and Fig. 2.8(b), fraction m for lowest
flow rate coincides with Taylor’s high Ca experimental data. However, once the flow rate was
increased, the fraction m decreases to a minimum before increasing again to an asymptotic value of
m ≈ 0.45. This decreasing-increasing trend is new and goes against the convention of displacement
without surfactant, single surfactant species added ab initio, and multiple surfactant species present
ab initio. The only data set that deviates from this trend is the 2.5 mol m−3 aqueous NaOH solution
displacing corn oil. This could be due to equilibrium surface tension of 2.5 mol m−3 aqueous NaOH
- corn oil system being almost an order of magnitude greater than those for 25, 50 and 100 mol
m−3 aqueous NaOH used in experiments (see Table 2.4). The other explanation is lower rate of
change in surface tension k for 2.5 mol m−3 aqueous NaOH which may indicate that new interface is
not created as cheaply as in those with higher strength aqueous NaOH solutions. Low equilibrium
surface tensions obtained for 25, 50 and 100 mol m−3 aqueous NaOH - corn oil system allowed us
to perform reactive displacement experiments with flow rates spanning over 2 order of magnitude.
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The asymptotic value of fraction m ≈ 0.45 for all three concentrations above 2.5 mol m−3 has not
been previously observed in other studies on displacement without surfactant or studies on single
surfactant species added ab initio.
2.6 Conclusion
Here viscous oils were displaced from microscale capillary tubes of diameter a to model a porous
media; displaced fluids used were light mineral oil, silicone oil, and corn oil and displacing fluids
were water, aqueous sodium dodecyl sulfate (SDS) of various concentrations, and aqueous NaOH
of various concentrations. SDS concentration was kept below its critical micelle concentration
(CMC) to study the effect of surfactant transport parameters (White and Ward, 2019) on fluid
transport and residual film thickness. Surface tension of the corn oil-aqueous NaOH system was
measured using an in-house pendant drop experimental setup (White and Ward, 2015) and transient
surface tension data was used to determine the surface tension rate of change constant k. A
syringe pump was used to inject the displacing fluid at different flow rates into the capillary tube
prefilled with viscous oil, and Poiseuille flow mean velocity Um was determined from syringe pump
flow rate and capillary tube cross section area. Threshold image analysis was used to track the
displacing fluid finger tip and measure its velocity Ut. Then the residual film thickness was estimated
using m = 1− Um/Ut (Fairbrother and Stubbs, 1935). Equilibrium surface tension γeq, surfactant
adsorption β and desorption α rate constants for experiments with surfactant added ab initio, and
surface tension rate of change constant k for experiments with surfactant formed in-situ were used
to calculate capillary Ca, Biot Bi, and Damköhler Da numbers, respectively.
Fraction m for displacement experiments without surfactant were in good agreement with past
studies (Taylor, 1961; Cox, 1962). Past studies on displacement with surfactant added/present ab
initio had mostly considered displacing a surfactant laden liquid using bubbles (Ratulowski and
Chang, 1990; Olgac and Muradoglu, 2013). Most recently Lu et al. (2018) performed experiments by
displacing silicone oil using aqueous SDS at concentrations above its CMC. Experiments presented
here are the first to study the effect of surfactant transport parameters (White and Ward, 2019)
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on displaced fluid film thickness. Fraction m increased as we decreased Bi and were in fairly good
agreement with classical results of Taylor (1961), over the range of Ca used in experiments. This
observation is contrary to Ratulowski and Chang (1990) and Lu et al. (2018) where film thickening
and thinning was reported, respectively; we believe the presence of surfactant in the displaced
fluid in the former and surfactant concentration above CMC in the latter are the reasons behind
deviations from the results presented here.
Experiments presented here are the first to study the effect of surfactant formed in-situ due
to interfacial saponification reaction on the residual film thickness in a capillary tube. Fraction m
for displacement of corn oil using aqueous NaOH solutions exhibited decreasing-increasing trend
as Ca was increased and Da decreased. This trend was completely different from non-reactive
displacements (no surfactant, single surfactant species added ab initio, and multiple surfactant
species present ab initio) and had an asymptotic maximum of m ≈ 0.45 at high Ca, contrary to
m ≈ 0.6 found in past studies (Taylor, 1961; Bretherton, 1961; Cox, 1962). This seems to suggest
that surfactant formed in-situ at the interface tend to affect residual film thickness through a process
that is entirely absent in non-reactive fluid pair displacement; possibly either due to adsorption of
multiple surfactant produced in-situ or due to one or more surfactant species produced in-situ
reaching concentrations above their CMC. However, it is promising to see lower asymptotic film
thickness of m ≈ 0.45 obtained at high Ca providing higher recovery of displaced fluid at higher
flow rates.
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CHAPTER 3. EVAPORATION AND INSTABILITY OF AN
UNBOUNDED–AXISYMMETRIC LIQUID BRIDGE BETWEEN
CHEMICALLY SIMILAR AND DIFFERENT SUBSTRATES
Modified from a paper published in J. Colloid Interface Sci.1
Tejaswi Soori2, Thomas Ward3
Department of Aerospace Engineering, Iowa State University, Ames, IA 50011
3.1 Introduction
The process resulting in liquid bridge rupture during evaporation is not a well understood
phenomenon, although the trapping and subsequent evaporation of liquids from confined geometries
is a problem for many naturally occurring and industrial processes. For example, liquid trapping can
occur in electronic products where it is undesirable since it can lead to product failure (Song et al.,
2011). In this situation evaporation is often the only means of liquid removal. Recently, researchers
have explored utilizing a liquid bridge geometry for microplating (Hunyh et al., 2013); a chemical
analysis tool for diagnostic screening that involves visualization of a small liquid drop confined
between two substrates. Evaporation of the liquid bridge, eventually leading to non-uniform liquid
contact between the two bounding surfaces, is an undesirable effect. To better understand these
problems we study the stability of a slowly evaporating unbounded liquid bridge confined between
parallel-planar surfaces at ambient room temperature; by using the Young-Laplace equation to
estimate a minimum stable liquid bridge volume Vmin and compare those results with experiments.
1T. Soori, T. Ward. J. Colloid Interface Sci. 539 (2019) pp. 45–53 (see Soori and Ward (2019))
2Primary researcher and author
3Corresponding author. E-mail: thomasw@iastate.edu
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An axisymmetric liquid bridge is formed when liquid partially fills a gap of separation distance
a, between two chemically similar or different substrates. Static liquid bridge profiles r(z) may be
computed using the Young-Laplace equation
γκ = −∆Pcap + f(g). (3.1)
Here, κ = −∇ · n is the curvature defined as the divergence of the surface normal, n. Surface
tension is denoted γ, and f(g) is a function used to denote gravitation effects. The constant ∆Pcap
denotes the capillary pressure (Washburn, 1921) which is an unknown when computing an interface
shape using Eq. 3.1. Solutions to this equation date back well-over a century in work done by C.
Delaunay (), and were some of the first computations performed by Runge (Concus, 1968). The
Young-Laplace equation is used in many engineering applications, from the computation of pendant
drop surface tension (Huh and Reed, 1983) to the wetting angle of a liquid in contact with the inside
of a right circular cylinder (Concus, 1968); where each of these problems contains a unique set of
geometric simplifications (usually taking advantage of symmetry) and boundary conditions. For
the static-cylindrical liquid bridge under consideration here we assume an axisymmetric shape,
therefore, the curvature κ contains two components: 1) an axial-radial plane curvature and 2) a
radial-azimuthal plane curvature. Boundary conditions include top and bottom wall contact angles,
θt, θb and wall wetting lengths rt, rb, respectively (de Gennes, 1985).
The study of liquid bridge evaporation is relatively new, mostly consisting of experiments
(Maeda et al., 2003; Portuguez et al., 2016). Here, we perform a quasistatic analysis, i.e. with
an assumption evaporation occurs at such a slow rate that the liquid interface at any time instant
is essentially static, which allows us to take full advantage of the Young-Laplace equation in the
form written above. Portuguez et al. (2016) measured this rate (among other quantities) and found
that the hydrodynamic instability leading to rupture is on the order of 1− 10 ms, using high speed
video.
An initially large-liquid volume, V0/a
3  1, of wetting fluid fixed between chemically similar
substrates, θt(0) = θb(0) = θ < 90
◦, implies that the capillary pressure is negative since its value
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is directly proportion to interface curvature ∝ − cos θ/a (Washburn, 1921; Ward, 2008; De Souza
et al., 2008; Ward, 2011). We will show in the zero Bond number limit that this implication is
exact for large liquid volumes due to a dominant axial-radial plane curvature term in Eq. 3.1, and
that an analogous solution exists for capillary pressure with chemically different substrates. As the
drop volume slowly decreases, due to evaporation, contributions from the radial-azimuthal plane
curvature to total capillary pressure become relevant. This expected change in capillary pressure
may be responsible for a second observation of Portuguez et al. (2016); that contact angles tended
to decrease with respect to time, independent of initial wetting conditions, for an evaporating liquid
bridge. Changes in contact angle with evaporation have already been reported in the literature
(Bourges-Monnier and Shanahan, 1995) (it may be considered a special case of a moving contact
line (Cassie and Baxter, 1944; Huh and Scriven, 1971; Davis et al., 1974)), but for an unbounded
liquid bridge this phenomenon does not have a clear explanation. We will show that the Young-
Laplace equations predict that capillary pressure tends to increase like 1/ri at zero Bond number,
where i = t or b denotes top or bottom wall wetting length for small liquid bridge volumes.
The problem of liquid bridge stability has been a popular research theme for many years
(De Souza et al., 2008; Erle et al., 1971; Coriell et al., 1977; Wang et al., 2013; Chen et al., 2013).
Liquid bridge stability using geometric arguments, i.e. arguments based on static liquid volume,
made through analysis of the Young-Laplace equation has classic origins rooted in the study of
meniscus shapes (Concus, 1968) (In Concus (1968) there is a brief review). Historically these sta-
bility analyses based on static liquid volumes have been grouped into two categories: bounded and
unbounded liquid bridges (Fortes, 1982; Vogel, 1982; Martinez, 1983; Myshkis et al., 1987; Perales
et al., 1991; Bezdenejnykh et al., 1992; Slobozhanin and Perales, 1993; Lowry and Steen, 1995;
Concus and Finn, 1998; Finn and Vogel, 1992). A bounded axisymmetric liquid bridge consists
of finite radii surfaces in contact with a liquid, where liquid is pinned at the substrate edges i.e.
fixed rt and rb. This simplifies the math somewhat since contact angle is only imposed at one
substrates boundary and numerical shooting techniques may be performed to match conditions
(with domain size bounded by the opposite substrate) at the other (Myshkis et al., 1987). Because
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of this simplification it has been possible to analyze a bounded liquid bridge more efficiently by
using eigenvalue analysis (Perales et al., 1991; Bezdenejnykh et al., 1992; Lowry and Steen, 1995) of
transformed Young-Laplace ODE equations, using surface arc length (Concus, 1964). Unbounded
liquid bridges can require more computational effort since shooting methods are performed to satisfy
boundary conditions (contact angle and contact line position) at both boundaries since only rt or
rb may be fixed. Traditionally, stability based on static liquid volume arguments for an unbounded
liquid bridge has been determined as the maximum plate separation distance that produced non-
undulated surfaces (Fortes, 1982; Finn and Vogel, 1992). Studies involving hydrodynamic stability
of a liquid bridge naturally intersect the study of liquid jet stability (Papageorgiou, 1995; Eggers,
1997; McCuan, 1997) via Rayleigh (1878) and Plateau (1873). Rayleigh (1878) and Plateau (1873)
analyzed the Navier-Stokes equations to determine hydrodynamic stability of liquid jets, and the
conditions that lead to jet breakup. Similar stability analyses are being employed in problem in-
volving hydrodynamic stability of liquid bridges (Qian and Breuer, 2011; Vega et al., 2014; Huang
et al., 2016; Radoev et al., 2016); focusing on the problems of liquid bridge hydrodynamic stability
between plates with non-constant separation distance (Qian and Breuer, 2011; Vega et al., 2014;
Huang et al., 2016; Radoev et al., 2016) or non-parallel plates (Ataei et al., 2017).
Experiments for bounded liquid bridges between fixed plates of equal length rt = rb have shown
good agreement with predicted stability based on minimum volume calculations. In Bezdenejnykh
et al. (1992) the authors form liquid bridges between parallel plates of equal radii, R, and slowly
withdraw liquid to determine stable minimum volumes. The only parameter in their problem was
the Bond number which was defined using bounded radius distance R instead of gap distance a
(used here). The minimum volume was reached if either: 1) the minimum in interface profile
(neck region) ruptured, or 2) the liquid de-pinned from either the top or bottom substrate’s edge.
Note the liquid must be withdrawn at a rate slow enough such that the evolving interface may be
considered quasistatic; this allowed for comparison with computation (Bezdenejnykh et al., 1992).
Their reported excellent agreement between experiments and theory suggests that hydrostatics















Figure 3.1 Problem schematic. An axisymmetric-unbounded liquid bridge evaporates at ambient
temperature between parallel-planar surfaces. The liquid wets top and bottom walls with contact
angles θt and θb, located at maximum radial distances (wetting lengths) rt and rb, respectively.
under proper conditions. Here, we also seek to utilize hydrostatics via a quasistatic approximation
for the slow evaporation of a liquid bridge to determine stability conditions through minimum
volume computations. Despite the rich history of research in this area, we are not aware of any
other studies that combine minimum volume computations (Perales et al., 1991; Bezdenejnykh
et al., 1992; Lowry and Steen, 1995) of an unbounded liquid bridge (Fortes, 1982; Concus and
Finn, 1998) at finite Bond number Martinez (1983) to determine stability. Furthermore, detailed
experiments that reveal aspects of evaporating liquid bridge stability at finite Bond numbers are
missing from the literature.
In the following section we analyze the problem of an evaporating unbounded liquid bridge
between parallel-planar surfaces. We begin with the Young-Laplace equations to determine interface
profiles in a quasistatic limit. Then, we perform asymptotic analysis of the equation at zero
Bond number for large and small drop volumes. This analysis provides background information
relating capillary pressure to changes in volume and to stability. This section is followed by a
description of liquid bridge evaporation experiments. Minimum volume before rupture measured




3.2.1 Evaporating liquid bridge
Consider the illustration shown in Fig. 3.1 of an evaporating-stationary axisymmetric liquid
bridge situated between two chemically similar or different substrates separated by distance a. The
liquid wets top and bottom walls to distances rt and rb, respectively. Using similar notation, the
values for top and bottom wall liquid contact angles are θt and θb. In Portuguez et al. (2016) the
authors show experimentally that a liquid bridge evaporates uniformly, i.e. dm/dt is constant, such




In general the constant is a function of vapor pressure, latent heat of vaporization, humidity,
ambient pressure and a proportionality constant (Picknett and Bexon, 1977; Burelbach et al., 1988;
Hu and Larson, 2002). Treating all of these as independent of time it is possible to integrate dV/dt
once yielding V (t) = V0 − ωV t where V0 is an initial liquid volume, and ωV (volume/time) denotes
the liquid volume evaporation rate constant.
Recall that the main objective of this study is to determine hydrostatic stability of an evaporating-
unbounded liquid bridge. Assuming an axisymmetric transient profile, then in the quasistatic
limit one can write an interface profile, rp, at any instant in time as a sum of a constant and
transient component or rp(z, t) = r0(z) + ωrf(t)r(z). The transient volume component written
in terms of this interface profile is V (t) = V0 − π[ωrf(t)]2
∫ a
0 r





where r0(z), r(z) are the initial and transient components to the axisymmetric interface profile,
respectively. So f(t) and ωr are proportional to t
1/2 and ω
1/2
V , respectively. Using substrate
separation distance a, a volume normalized evaporation rate-based time scale ωV /V0, and cap-
illary pressure γ/a where γ denotes surface tension; we can determine approximately when the
interface of an evaporating liquid bridge with fluid viscosity µ may be treated as quasistatic. In-
serting these into the Navier-Stokes momentum equation to non-dimensionalize produces ∇∗p∗ =
55
[µωV a/(γV0)]∇2∗v∗ − [ρω2V a3/(γV 20 )]Dv∗/Dt∗, where p∗ = P ∗ − ρga2/γ is the dimensionless dy-
namic pressure (static minus hydrostatic). Here, and throughout this manuscript ·∗ denotes dimen-
sionless variables. An interface may be treated as quasistatic if both coefficients for the differential
terms each are much less than unity. No other bulk fluid motion occurs besides small-scale fluid
flow in the vicinity of top and bottom three phase contact lines due to weak Marangoni stresses
(Renk et al., 1978; Moosman and Homsy, 1980; Ajaev and Homsy, 2006; Lee et al., 2014).
Now, we need only to compute minimum volume, Vmin, by finding solutions to the Young-
Laplace equation that satisfy boundary conditions to determine stability. Unfortunately, finding
correct minimum volume solutions to the Young-Laplace equation require computation of many
non-minimum volume profiles. Subsequently, this requires determination of capillary pressure con-
stant values for each volume. Analysis of this process, and the relationship between capillary
pressure and interface profiles are discussed in the following sections.
3.2.2 Volume minima and capillary pressure for an unbounded liquid bridge
In the absence of bulk fluid motion a liquid bridge profile and subsequent volume minimum may
be determined using hydrostatics i.e. r(z) may be determined using the Young-Laplace equation
for a cylindrical fluid column subjected to gravity,
γκ = −∆Pcap + ∆ρg(a− z) (3.3)
with interface curvature, gravitation constant and density difference (liquid phase minus gas
phase) denoted κ, g and ∆ρ = ρL − ρG, respectively. The curvature of an axisymmetric drop
confined between two parallel-planar surfaces is







Here, and throughout this manuscript, ′ denotes derivative with respect to z. The boundary
conditions are
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r(0) = rb (3.5a)
r′(0) = − cot θb (3.5b)
r(a) = rt (3.5c)
r′(a) = cot θt. (3.5d)
The minimum bridge profile, rmin, occurs at r
′ = 0 if rmin 6= rt or rb, unless θt and θb is 90◦.
The wetting lengths rb or rt and contact angles θb and θt are modified to determine a bridge profile
and subsequent volume through integration of Eq. 3.3 using Eq. 3.4. Unfortunately this is not
straightforward using common techniques for finding solutions to ordinary differential equations
since we cannot simultaneously satisfy two boundary conditions at both top and bottom surfaces
for a second order differential equation. Furthermore, it is well-known that these equations can
produce multiple solutions (Fortes, 1982; Concus and Finn, 1998) as discussed later in this section.
It is convenient to express the Young-Laplace equation in dimensionless form using a and γ/a
as the length and capillary pressure scales, respectively, yielding
κ∗ = −∆P̂ ∗cap −Bo z∗ (3.6)
where Bo = ∆ρga2/γ is the hydrostatic Bond number; ∆P̂ ∗cap = [∆P
∗
cap − Bo] is the dimen-
sionless gravity dependent capillary pressure; and ∆P ∗cap = ∆Pcapa/γ is the dimensionless capillary
pressure. Furthermore, inspection of the curvature, Eq. 3.4, suggests that asymptotic bounds exists
for large volumes, r → ∞, relative to ones with volumes approaching zero, where r is finite. We
use these bounds, for Bo = 0, as a basis for estimating capillary pressure values that are required
to compute volume minima and, subsequently, stability limits for an evaporating liquid bridge.
3.2.3 Asymptotic limit r →∞ and Bo = 0





= −∆P ∗cap. (3.7)
Eq. 3.7 may be integrated once by using the integrating factor r′ resulting in [(1 + r′2∗)−1/2] =
−∆P ∗capr∗ + C1i, with integration constant C1i = ∆P ∗capr∗i + sin θi where sin θi = [1 + r′2∗i ]−1/2.
The subscript 1 denotes a constant found after one integration, and i = t or b denotes properties
corresponding to the top or bottom plate, respectively. After one additional integration boundary
conditions are applied at either top or bottom wall (opposite i) yielding












where C2b = cos θb and C2t = −∆P ∗cap − cos θt.
A relationship between capillary pressure, and top and bottom wall contact angles for finite
Bond number first appeared in De Souza et al. (2008). Here, an exact solution exists for large
liquid volumes and zero Bond number by applying boundary conditions simultaneously at each
wall, which requires inserting Eq. 3.8 into the equation for r′∗. Details of this derivation and
other issues related to this asymptotic bound appear as supplementary material in Soori and Ward




(cos θt + cos θb) (3.9)
which qualitatively agrees with those results first reported by de Souza et al.De Souza et al.
(2008).
3.2.4 Finite r and Bo = 0
We now attempt to develop expressions to estimate capillary pressure in the limit of Bo = 0 with
finite r. Starting with Eq. 3.6 we see that Eq. 3.4 may be written as the dimensionless differential










with integration constant Ci = r
∗




i /2. Again, i = t or b denotes properties












= 0 for i 6= j. (3.11)
Solutions to this quadratic equation are unique provided a second quadratic equation formed




i + (sin θj/r
∗
i )
2 is exactly zero for i 6= j. From this








sin θi + (sin
2 θi − sin2 θj)1/2
]
for i 6= j. (3.13)
Hence, in general, it is possible to find unique solutions to Eq. 3.10 provided sin θi ≥ sin θj .
Otherwise one must set capillary pressure values and use these in Eq. 3.11 which may not produce
unique values for rj i.e. more than one capillary pressure value may produce a profile that satisfies
a given set of boundary conditions. The capillary pressure, Eq. 3.12, is always positive since ri ≥ 0
and Θij > 0 for sin θi > sin θj , and increases as ri → 0. Furthermore, this capillary pressure
produces a trivial value, ∆Pcap = 0, for ri →∞.
3.2.5 Computation of volume minima at finite Bo
Liquid bridge profiles were found through integration of Eq. 3.3 with curvature given by Eq. 3.4




































Figure 3.2 Plots of log10 of dimensional volume in µl versus normalized capillary pressure ∆Pcapa/γ.
In (a) we plot data for fixed contact angle difference between top and bottom wall with θb = 40
◦
and θt = 15
◦ (solid line) and θt = 40◦ and θb = 15◦ (dotted line) at Bond numbers Bo = 0.001,
0.01, 0.05, 0.1, 0.25, 0.50, 0.75 and 1. In (b) we plot data for fixed Bond number Bo =0.1 along
with θi = 50
◦ while opposite wall contact angle is varied from 5◦-45◦ for fixed θb, and 5◦-35◦ for
fixed θb. Images depict minimum volume Vmin liquid bridge profiles.
60
Runge-Kutta-Merson method; an in-house algorithm written in MATLAB programming language.
Boundary conditions were specified at one end of the domain, either top or bottom wall ri and
θi, and capillary pressure was modified until desired contact angle θj was satisfied at the opposite
wall for a given Bond number value i.e. a standard shooting method. Numerical integration of
Eq. 3.3 was performed with a maximum tolerance of 1× 10−7 at any single interface profile value.
The shooting was performed using a simple bisect method with tolerance of 1× 10−6 for boundary
conditions. This algorithm is analogous to one used in Slobozhanin and Perales (1993) for the
problem of determining stability of a bounded liquid bridge.
Top or bottom wall position was varied from 0.01 ≤ r∗i ≤ 3.5 in 0.01 increments, and contact
angle was varied from 5◦ ≤ θi ≤ 175◦ in 5◦ increments. Bond number values were Bo = 0.001, 0.01,
0.05, 0.1, 0.25, 0.5, 0.75 and 1.0. First, large r∗i values were chosen since unique solutions may be
found in this limit where capillary pressure is approximately given by Eq. 3.9. Then r∗i was decreased
in 0.5 increments until r∗i ≈ 3.5 when the radial-azimuthal plane curvature’s contribution to total
curvature was no longer negligible. In total, we analyzed approximately 200,000 profiles. Not all
computations produced meaningful results, in particular for θi ≥ θj . Computation performed at
these contact angles, identified earlier to produce multiple solutions, typically did not converge to
a desired value at the opposite wall. Despite these erroneous data points we were able to analyze
a wide range of contact angle and wetting length values.
The problem has only one length that can be used to scale the volume, the separation distance
a; unlike liquid bridges bounded by equal plates of radius R which have a natural volume, πR2a,
that is used for scaling (Perales et al., 1991; Bezdenejnykh et al., 1992; Slobozhanin and Perales,
1993). Scaling the unbounded liquid bridge volume using a3 was studied in Martinez (1983), for the
case of zero Bond number and equal contact angle. Later in this section we compare results from
simulations performed here with those results; otherwise we report dimensional volumes, calculated
using Bond number and properties (capillary length) of water.
In Fig. 3.2a-b we plot normalized capillary pressure versus log of liquid volume. In Fig. 3.2a we
varied Bond number and fix |θi − θj | = 25◦, and in Fig. 3.2b we fixed Bond number and θi while
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varying θj . Also shown are several images of minimum volume profiles. Both plots highlight the
classical trend of a local minimum volume, and here these tended to correspond, approximately,
to maximum capillary pressure values (Bezdenejnykh et al., 1992; Slobozhanin and Perales, 1993).
In Fig. 3.2a we see the curves are independent of wetting orientation θt > θb or θb > θt for Bond
number up to Bo = 0.05. At Bond numbers greater than this value significant deviation between
curves appear in local volume minima. General trends were smaller volume minimum, and greater
maximum capillary pressures, when θb > θt. The profile images appear to confirm these trends
where the θb > θt profile has a slightly smaller volume and profile minimum.
At fixed Bond number and θi, but varying θj as seen in Fig. 3.2b, the maximum capillary
pressure increased for both fixed θt and θb. At these small Bond numbers, Bo = 0.1, there was
little difference between θt > θb and θb > θt data. The proximity of maximum capillary pressure
to minimum volume improved as θi → θj . We predict a 3X difference in volume minima between
|θi − θj | = 45◦ where maximum ∆Pcap < 0, and |θi − θj | = 15◦ where maximum ∆Pcap > 0: A
substantial amount in terms of volume between these two minimum values. It is also noteworthy
that volume minima decreased as θi → θj . The right hand side of each curve, denoting an increase
in volume, agrees with predictions from analysis of the Laplace equation in the zero Bond number
limit for finite r; here, we predicted a capillary pressure asymptotic value of zero for r →∞.
In Fig. 3.3a-b we compare minimum volumes, which we hypothesize corresponds to the profile
minimum prior to rupture for an evaporating liquid bridge, versus: θb for fixed ∆θ = θb − θt; and
1/(cos θt + cos θb) which is the normalized inverse solution for capillary pressure for large drops
in the zero Bond number limit. In Fig. 3.3a we compare several cases of ∆θ for Bo = 0.001 and
0.25 versus dimensionless minimum volume Vmin/a
3, with results published by Martinez (1983)
for Bo = 0, ∆θ = 0 and both bounded (dashed line) and unbounded (solid line) liquid bridge
volume minima. The computations performed by I. Martinez for unbounded liquid bridges at zero
Bond number did not require shooting to the opposite wall to match boundary conditions like the
simulations discussed here; and instead required r′ = 0 at z/a = 0.5. These prior computations


























 1 (𝑐𝑜𝑠𝜃𝑡 + 𝑐𝑜𝑠𝜃𝑏)
(b)
Figure 3.3 In (a) we compare normalized volume minima Vmin/a
3 versus θb for a bounded (dashed
line [Martinez (1983)]) and unbounded (solid line [Martinez (1983)] and symbols) liquid bridge for
Bond numbers 0, 0.001 and 0.25. The zero Bond number data is plotted for ∆θ = θb−θt = 0◦; non-
zero Bond number data is plotted for ∆θ =0, 10, 20, 30 and 40◦. In (b) we plot log10 of dimensional
minimum volume in µl versus 1/(cos θt + cos θb) for combinations (see legend) of Bo = 0.1 and 0.5;
fixed θi = 50
◦ and fixed |θi − θj | = 15◦; and θt > θb and θb > θt.
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bounded drops with diverging volumes at these same limits for unbounded ones. For finite Bond
number cases symmetry about z/a = 0.5 is broken and we see clear deviation from the zero Bond
number cases in this graph. Note, the range of data shown is limited since these results were
produced by matching contact angle at the opposite wall using a shooting method. For the range
of data shown though there is good agreement in trends between the computation presented here
and those first reported in Martinez (1983) where curves for both Bond numbers (0.001 and 0.25)
overlap the solid line for ∆θ = 0. There is strong deviation from this trend where the minimum
volume tends to increase with an increase in ∆θ; suggesting that increasing ∆θ results in a larger
dimensionless liquid bridge minimum volume.
In Fig. 3.3b we plot the log10 of dimensional volume versus 1/(cos θt + cos θb). Plotting data
versus 1/(cos θt + cos θb) allows one to compare data for fixed top or bottom contact angle more
easily. Values were plotted here for several combinations involving two Bond numbers 0.1 and 0.5;
two combinations of opposite wall contact angle values, fixed θi = 50
◦ and fixed |θi − θj | = 15◦;
each combination with θt > θb or θb > θt. According to the two sets of data for each combination
of input parameters corresponding to either θt > θb or θb > θt, it appears the latter produced
greater Vmin values with all other parameters fixed. Several notable trends appear in this plot:
1) A smaller Bond number reduced the difference between Vmin values for θt > θb and θb > θt,
2) greater variation in wall contact angle difference produces a wider range of Vmin values, and 3)
decreasing Bond number decreased Vmin.
3.3 Experiment section
3.3.1 Setup, procedure and range of parameters
Liquid bridge evaporation experiments were performed using two horizontal rectangular plates
(cross section area 75 mm × 50 mm) separated with distance a by placing plastic spacers in each
corner. A sessile liquid drop of initial volume V0 was micropipetted onto the bottom plate; and
the top plate was slowly lowered on top to form a liquid bridge. A transparent acrylic enclosure
of size 125 mm × 125 mm × 125 mm with open bottom, covered the liquid bridge setup to avoid
64
contamination due to dust. The acrylic enclosure had a small opening of 15 mm height and 25 mm
width at the bottom for air circulation and relative humidity monitoring using an RH meter (HI
9565, Hanna instruments). Top and bottom plate pairs used in experiments are distinguished here
using the notation Stb where t and b denote top and bottom plate material, respectively. Glass
(t, b = 1), acrylic (t, b = 2) and teflon (t, b = 3) (sessile drop wetting angles from smallest to largest
1 < 2 < 3, see Table 3.1) were used as substrates. Fluids used in this study were reverse osmosis
purified water (ρ = 1000 kg m−3, γ = 72 mN m−1, and µ = 1 cP) and a low viscosity silicone oil
(Clearco Products, ρ = 818 kg m−3, γ = 17.4 mN m−1, and µ = 0.82 cP) used as received. We use
the notation F1 for water and F2 for silicone oil. Plastic spacers had thickness a =0.55, 1.1 or 2.2
mm which correspond to Bo = ∆ρga2/γ = 0.04, 0.16 and 0.65 for water, and a = 0.55 mm which
corresponded to Bo = 0.14 for silicone oil. For experiments with water, initial volumes were V0 =
1.5 and 2.5 µl for Bo = 0.04; V0 = 10, 25, 50, and 100 µl for Bo = 0.16; and V0 = 150 and 250 µl
for Bo = 0.65.
Table 3.1 Approximate contact angles for sessile water drops on substrates used in liquid bridge
evaporation experiments.
Surface θ (◦)
1 - Glass 37 ± 1
2 - Acrylic 66 ± 1
3 - Teflon 110 ± 3
Silicone oil near-perfectly wets most surfaces, so we used a slightly modified experimental setup
to study evaporation of a silicone oil liquid bridge. A vertically oriented syringe pump (New Era
Pump Systems, NE-511X) drove a 100 µl Hamilton Gastight syringe which contained the silicone
oil. A small hole was drilled into the top substrate and a 22 gauge stainless steel type 3 needle was
attached there using glue. Liquid bridges were formed by specifying flow rate and total volume
using the syringe pump software. Due to this modification we could not use an acrylic enclosure
over the liquid bridge setup. For experiments with silicone oil as fluid, we were limited to Bo = 0.14
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Figure 3.4 Array of liquid bridge images for varying Bo, substrate materials and fluids (listed in
left hand columns) at elapsed times 0, 0.25tinst, 0.5tinst 0.75tinst and tinst (listed across top row);
where tinst denotes the elapsed time just prior to liquid bridge rupture due to an instability. Scale
bars in rows 1, 2 and 3 denote 500 µm and in rows 4 and 5 denote 250 µm.
where we studied only a single volume V0 = 2.75 µl due to difficulty in visualizing liquid bridges at
gap spacings a < 0.55 mm.
A CCD camera (Pixelink) captured images of the liquid bridge with a resolution of 3520 ×
870 pixels at time intervals of 0.5 - 10 seconds between frames (small drops needed smallest time
interval). Images from initial time t0 to rupture time tinst were analyzed to obtain r(z, t), rb(t), rt(t),
θb(t), and θt(t) by using an in-house threshold analysis code written in MATLAB programming
language. After each experiment, the surfaces were cleaned using soap and water and were air dried
using a pneumatic air gun. Experiments were performed for different combinations of gap spacing,
substrate pairs and fluids. A total of 30 experiments using water were conducted with 2 different
initial volumes V0 per substrate pair and Bond number Bo but only one experiment with silicone
oil due to difficulty in forming a liquid bridge.
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3.3.2 Experiment Results
In Fig. 3.4 we show sequences of images detailing the interface profile during liquid bridge
evaporation. All fluids shown are water except for images in the last row (silicone oil); all surfaces
are similar (acrylic) except for images in the second (top: glass, bottom: acrylic) and third row
(top: teflon, bottom: acrylic); and all Bond number are equal Bo = 0.65 except for the fourth
and fifth rows, Bo = 0.04 and Bo = 0.14, respectively. The first column shows initial liquid bridge
profiles before significant evaporation, t ∼ t0; the final column shows liquid bridge profiles just prior
to rupture due to hydrodynamic instability, tinst, and the second, third and fourth columns show
images at 0.25tinst, 0.5tinst and 0.75tinst, respectively. Initial drop volumes were V0 = 250, 200,
250, 2.5, and 2.75 µl for rows 1-5, respectively. In general, silicone oil near-perfectly wets acrylic,
while water partially wets glass or acrylic with glass having a slightly smaller sessile drop contact
angle (Sumner et al., 2004). The reader should note the asymmetry in contact angles between left
and right halves is likely due to unavoidable-small differences in surface roughness.
Initial profiles for rows 1-3 highlight finite Bond number effects on similar versus dissimilar
substrate pairs. Even though the sessile drop contact angle difference between water on glass or
acrylic is not excessively large, ∆θ ≈ 20◦, these manifest as significant difference in liquid bridge
profiles when the liquid preferentially wets the top (row 2) or bottom (row 3) surface. At the
smallest Bond numbers, rows 4 and 5, the liquid bridges appear nearly top-to-bottom symmetric
throughout the evaporation process. The Bo = 0.04 images are not as clear as others shown due
to difficulty in imaging with a gap space necessary to produce this small Bond number for water.
In Fig. 3.5 we plot drop volume versus elapsed time, t and in Fig. 3.6 dimensionless top and
bottom wall contact angles versus dimensionless elapsed time, t/tinst. Fig. 3.5 inset shows a semilog
plot of change in volume versus dimensionless elapsed time, t/tinst. Both measurements were
made by image analysis using MATLAB. Data is plotted until the last elapsed time value prior to
liquid bridge rupture, tinst. Silicone oil drops tended to evaporate slightly faster than water drops,
which is somewhat surprising since the boiling point of this particular low viscosity silicone oil is
approximately 50◦C higher than that of water. The measured rates, determined from slopes of lines
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Figure 3.5 Plot showing normalized volume change [V0 − V (t)]/V0 versus elapsed time t in seconds
for Bo values, substrate materials and fluids corresponding to images shown in Fig. 3.4. Inset shows
semilog plot of change in transient volume, V0 − V (t) versus elapsed time.
appearing in Fig. 3.5 are shown in Table 3.2 for different Bo and fluids. The evaporation rates vary
over two orders of magnitude with low values corresponding to larger Bond numbers. Relatively
humidity reached approximately 55% for all of the experiments where this quantity was measured.
More information regarding evaporation appears in Fig. 3.6a-b where we plot measured-apparent
top and bottom contact angles, nondimensionalized by their initial values, versus dimensionless
elapsed time. Reported values are averaged over measured left and right values. There were clear
differences across fluids, surface pairs and Bond numbers with respect to changes in contact angle
during evaporation. The overall trends were the measured contact angles either: 1) remained
nearly constant or 2) decreased with elapsed time (Portuguez et al., 2016). This result seems to
confirm one of the major contributions from the analysis section that smaller liquid bridge volumes
should be subjected to large radial-azimuthal plane curvatures, which in this situation lead to lower
contact angles. For water at fixed Bond number, Bo = 0.65 and initial volume V0 = 250 µl, but
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Table 3.2 Initial-volume normalized evaporation rate constant ωV /V0 averaged over Bo for water,
and single value for silicone oil. Water experiments performed in box enclosure where relatively
humidity reached steady value of 55%. Silicone oil experiment performed without enclosure.
Fluid Bo (ωV /V0) ×10−5 (Hz)
F1
0.65 1.02 ± 0.149
0.16 3.21 ± 0.554
0.04 11.66 ± 2.12
F2 0.14 5.65
different substrate pairing S22 versus S12, the chemically different top and bottom wall experiment,
S12, had mixed trends with respect to changes over time during evaporation. For the same pair of
experiments, the chemically similar bottom wall produced different initial contact angles, (θb(0) ≈
60◦ for S22 and θb(0) ≈ 88◦ for S12) but similar trends over time when normalized by the initial
value. This result was vastly different from data for S12 (θb(0) ≈ 30◦) where the top contact angle
remained nearly constant. Trends from experiments for the bulk of other data shown using water
with equal or poorer top wetting surface suggest contact angles vary by approximately 50-60%
from their initial value during evaporation, independent of Bond number. For silicone oil, where
the sessile drop contact angle was near zero, the contact angle change was small (approximately 5-
10◦) for similar surface pairing. A complete list of initial top and bottom contact angles for various
combinations of substrate pairs and normalized initial top and bottom contact angles appear as
supplementary material in Soori and Ward (2019).
3.4 Discussion
In Fig. 3.7a-c we plot the value of Vmin versus 1/(cos θt + cos θb); for a comparison between
experiments and theory for Bond numbers 0.04, 0.16 and 0.65 (experiments) and 0.05, 0.18 (average
of 0.1 and 0.25 data) and 0.75 (computations). For experiments, the values of Vmin and θi were
both measured at tinst just before rupture of the liquid bridge due to a hydrodynamic instability.
Note that even though the time interval for capture were potentially large (maximum of 10 s) the
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Figure 3.6 (a) Dimensionless contact angle measured at top wall θt/θt0 versus elapsed time normal-
ized by the instability time t(s)/tinst. (b) Dimensionless contact angle measured at bottom wall
























Figure 3.7 Plot of Vmin (µl) versus 1/(cos θt + cos θb) from experiments (θt = θt(tinst) and θb =
θb(tinst) at Bond numbers corresponding to Boexp = (a) 0.04, (b) 0.16 and (c) 0.65. Symbols denote
surface wetting properties of + − S31, ◦ − S22, / − S23, . − S12,  − S32, × − S33, 5 − S13.
Also plotted are results from numerical solutions to the Young-Laplace equation for Bond numbers
Bonum = (a) 0.05, (b) 0.18 and (c) 0.75 (− · −) which correspond to approximate values from
experiments.
instability occurred over a much shorter time scale (∼ 1-10 millisecond (Portuguez et al., 2016)).
The experiment data range was from 0.5 < 1/(cos θt + cos θb) < 0.9; with 0.1 < Vmin < 0.3,
0.5 < Vmin < 1.5 and 5 < Vmin < 17 µl for Bo = 0.04, 0.16 and 0.65, respectively. Since it was not
possible to control the contact angle before rupture we use individual points and connected dashed
lines to distinguish between experimental and numerical data, respectively. Fewer data is presented
for Bo = 0.04 mostly due to poorer imaging capabilities at this smaller gap spacing. No error
bars appear for experimental data because they are difficult to accurately quantify. Numerically
determined values for Vmin were extracted from interface profile data as described earlier.
In either case, experiments or computation, there was little variation in Vmin for the range of
parameters studied. At the smallest Bond number Vmin increased slightly over a relatively large
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range of 1/(cos θt+cos θb). At intermediate Bond number an increase in 1/(cos θt+cos θb) tended to
decrease the volume minimum for experiments but remained nearly constant for values determined
from computation. The largest Bond number data had the smallest 1/(cos θt + cos θb) range,
but better agreement between experiments and computation. At the second largest 1/(cos θt +
cos θb) value 0.59 for Bo = 0.65 the computation correctly predicted the difference between the
experiments. In general there was fairly good agreement when comparing the experimental and
numerical data.
3.5 Conclusions
In this paper we examined the evaporation of an axisymmetric unbounded liquid bridge. The
study included both computation and experiments. Computation was performed to determine
if minimum volume calculations are a reliable approach to estimate when an evaporating liquid
bridge ruptures. To perform numerical analyses we solved the Young-Laplace equation with an
axisymmetric geometry for a wide range of boundary conditions by varying the capillary pressure
constant. These equations are known to produce non-unique solutions, i.e. for a given set of
boundary conditions there may be more than one capillary pressure that satisfied those conditions.
We performed analyses of asymptotically large and finite liquid bridge volumes in the zero Bond
number limit to explore when these non-unique solutions may appear. Furthermore, we utilized an
analytical solution for capillary pressure of large volumes in the zero Bond number limit as initial
conditions for finding solutions to the Young-Laplace equations.
Experiments were performed for a variety of substrates and liquid volumes, with Bond numbers
0.04 ≤ Bo ≤ 0.65 and two liquids: purified water and silicone oil. Substrates consisted of surface
pair combinations of acrylic, borosilicate glass and teflon. We measured liquid volume, and top and
bottom contact angle from images until a liquid bridge ruptured, tinst. The evaporation rates are
linear, which agrees with studies performed by Portuguez et al. (2016). Contact angles decreased
for almost all cases studies; most data nearly collapsed onto a single curve when contact angle
data was scaled by its initial value and time scaled by tinst. The two exceptions were near perfect
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wetting fluids (silicone oil on acrylic) and if the top surface had higher wettability relative to the
bottom one.
Previous studies have focused mostly on liquid bridge evaporation experiments (Portuguez et al.,
2016); or theory for stability of liquid bridges for microgravity application (Martinez, 1983; Myshkis
et al., 1987) where finite Bond number effects are negligible. Here, we’ve included finite Bond
number effects for the specific problem of an unbounded liquid bridge (Fortes, 1982; Vogel, 1982;
Martinez, 1983) to study evaporation, and demonstrated through a comparison with experiments
that volume minima computation (Bezdenejnykh et al., 1992) can predict liquid bridge volume
prior to rupture due to an instability; i.e. there was good agreement between experiments and
theory for the range of parameters studied.
The theory explored in this manuscript though does not explain dynamics since volume minima
computation are independent of evaporation, and conditions prior to instability are measured from
experiments in order to provide a comparison between experiments and theory. The bounded
evaporating liquid bridge may overcome this shortcoming, but this analysis would require coupling
between mass transport and solutions to the Young-Laplace equation. Nonetheless, exploring the
bounded problem may provide more insight into effects of chemically different substrates on stability
of evaporating liquid bridges.
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CHAPTER 4. STABLE AND UNSTABLE MISCIBLE DISPLACEMENT OF
A SHEAR-THINNING FLUID AT LOW REYNOLDS NUMBER
Modified from a paper published in Phys. Fluids1
Tejaswi Soori2, Thomas Ward3
Department of Aerospace Engineering, Iowa State University, Ames, IA 50011
4.1 Introduction
Fluid displacement from a tube is a problem of interest in many industries such as petroleum,
pharmaceutical and manufacturing (Templeton, 1954; Hirasaki et al., 1974; Abidin et al., 2012;
Henningsson et al., 2007; Cole et al., 2010). Many past studies in this field have considered the
problem of both immiscible (Fairbrother and Stubbs, 1935; Taylor, 1961; Cox, 1962) and miscible
(Petitjeans and Maxworthy, 1996; Chen and Meiburg, 1996; Scoffoni et al., 2001; Kuang et al., 2003;
Chen and Meiburg, 2004; Balasubramaniam et al., 2005; dOlce et al., 2008; Cubaud and Mason,
2009; Amiri et al., 2016; Etrati et al., 2018; Sahu et al., 2009; Shahnazari et al., 2018; Cubaud and
Notaro, 2014; Govindarajan and Sahu, 2014) fluid displacement using Newtonian fluids (displacing
and displaced). In true industrial processes this is often not the case, i.e. most industrial processes
involve the immiscible (Huzyak and Koelling, 1997; Soares et al., 2008; Steinhaus et al., 2007; Fu
et al., 2012; Wang et al., 2015) or miscible (Bakhtiyarov and Siginer, 1996; Gabard and Hulin, 2003;
Huen et al., 2007) displacement of complex fluids. Here, the term complex fluid is used to describe
a liquid that consists of a solvent and some other species that modifies rheological properties
based on it’s concentration. We want to focus the reader’s attention on the displacement of a
fluid, containing dilute concentration of an aqueous polymer solution, from a microscale diameter
1T. Soori, T. Ward. Phys. Fluids 30 (10) (2018) 103101 (see Soori and Ward (2018))
2Primary researcher and author
3Corresponding author. E-mail: thomasw@iastate.edu
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capillary tube using water at low Reynolds numbers; a situation that is typically used to model
fluid transport in porous media. The polymer concentrations are dilute (Benchabane and Bekkour,
2008; Lopez et al., 2015) such that the displaced fluid may be considered shear-thinning. Even
though the displaced fluids are characterized as shear-thinning, we observe a rich variety of flow
structures that appear as the aqueous polymer mixes with the displacing-water phase. This is
unexpected behavior since the Reynolds numbers are low and the fluids are simple shear-thinning.
To explain this behavior we use dimensionless parameters that are determined from dimensional
analysis of the governing Cauchy stress momentum equations with a Carreau shear-thinning fluid
viscosity model.
The viscosity model proposed by Carreau (1972) is appropriate for describing any shear-thinning
fluid comprised of linear polymer chains, due to it’s ability to precisely capture shear viscosity at
a variety of shear rates. In general, most shear thinning fluids which do not possess a yield stress
behave like Newtonian fluids at very low and very high shear rates, and exhibit shear thinning be-
havior at shear rate values between these two extremes. The Carreau shear-thinning fluid viscosity
model equation is given by:
(µ(γ̇)− µ∞)/(µ0 − µ∞) = [1 + (λγ̇)2](n−1)/2. (4.1)
where µ(γ̇) is the viscosity at shear rate γ̇, µ∞ the viscosity at infinite shear rate (all viscosities
measured in cP) which here is assumed to be the solvent’s Newtonian fluid viscosity, µ0 is the
viscosity at zero shear rate, λ is a characteristic time (s) of the shear-thinning fluid, and n is
the power-law index. The latter 3 parameters are typically treated as unknowns and must be
fit to Carreau’s equation to determine values. The dimensionless form of this viscosity model
equation (discussed in Sec. 4.2) includes several dimensionless parameters, the most notable being
the Carreau number, Cu.
Miscible Newtonian fluid displacement experiments have been studied for cylindrical tubes of
different diameter and various viscosity ratios by Petitjeans and Maxworthy (1996). An expres-
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sion they used to estimate the amount of fluid remaining on the tube walls, a way to measure
displacement efficiency, was (Fairbrother and Stubbs, 1935)
m = (Ut − Um)/Ut (4.2)
where Um is the mean velocity based on Poiseuille flow, and Ut is an approximate finger tip-
velocity measured at the miscible fluid interface. This expression was developed by Fairbrother and
Stubbs (1935) and verified by G.I. Taylor and B.G. Cox for the cases of gas-liquid and liquid-liquid
immiscible displacements, respectively. The immiscible fluid displacement experiments yielded
asymptotic values of m = 0.56 (Taylor, 1961) and m ≈ 0.6 (Cox, 1962), at large capillary num-
bers. Dimensionless parameters for the miscible fluid displacement case studied by Petitjeans and
Maxworthy (1996) were Peclet number Pe = 2Umd/D, where d is tube diameter and D denotes
diffusivity; and a new parameters for normalized viscosity difference called the viscous Atwood
number At = (µ2−µ1)/(µ2 +µ1) where µ1 and µ2 denote displacing and displaced fluid viscosities,
respectively. The asymptotic value of m as At→ 1 for Pe→∞ was m ≈ 0.61 while for At < 0.5,
the asymptotic value reduced to m = 0.5. Numerical simulations performed by Chen and Meiburg
(1996) for the problem proposed by Petitjeans and Maxworthy (1996) appeared in an accompanying
article. Their simulations both quantitatively and qualitatively agreed with the experiments for a
wide range of Pe and At values. It is important to note that the expression m = (Ut−Um)/Ut can
result in over- or under-estimation of the remaining fluid in the tube so some studies also use the
expression m = 1 − (1 − (2t/d))2 where t is the thickness of displaced fluid still remaining on the
tube walls, but this is difficult to accurately quantify for miscible displacements.
Most previous studies on shear-thinning/non-Newtonian fluid displacement in horizontal cap-
illary tubes have been limited to immiscible fluids. Soares et al. (2008) studied the immiscible
liquid-liquid displacement in capillary tubes as a polymer solution is displaced by a Newtonian
fluid. Their experimental observation showed that, for a fixed polymer concentration displaced by
a given Newtonian fluid, the asymptotic value of m at capillary numbers Ca ≈ 0.25 reached a value
similar to that observed by Petitjeans and Maxworthy (1996) for Newtonian fluid displacements.
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Huzyak and Koelling (1997) studied viscoelastic effects on the displaced fluid’s behavior in long
tubes using gas bubbles as the displacing fluid. They found that for Deborah number De < 1 the
value of m was identical to experiments performed using Newtonian fluids at equivalent capillary
numbers. However, for De ≥ 1, the value of m continued to increase with an increase in De instead
of reaching an asymptotic value. At De ≈ 5, they observed a 30% increase in m compared to
Newtonian fluids.
Miscible displacement of non-Newtonian fluids were studied in a vertical tube by Gabard and
Hulin Gabard and Hulin (2003) using Xanthan-water solutions of initial molar concentrations rang-
ing from 0.5 to 3. Aqueous glycerol solutions were used as the displacing fluid. They found the
asymptotic value of m reached 0.28 to 0.3 (0.38 when Newtonian) for their experiments.
The topic of flow instabilities associated with polymer fluids have also been discussed previously
in the literature. Groisman and Steinberg (2000, 2001) studied the flow of homogeneous solutions
containing high molecular weight polyacrylamide through a serpentine microfluidic channel. At high
Weissenberg number, a function of the thermodynamic polymer relaxation time, they observed
fluid mixing even though the flow Reynolds numbers were extremely small. The phenomenon
accounting for this behavior has been dubbed elastic turbulence where contributions from normal
components of the total shear stress have been identified as responsible for these observations.
Boger (1987) studied the flow of viscoelastic fluids through sudden contractions and found that
elastic properties can create corner vortices which grow if fluid velocity is further increased. The
dimensionless polymer relaxation time, again measured using the Weissenberg number, appeared
to be the relevant parameter is his studies.
Here, we study the problem of miscible fluid displacement by water in horizontal tubes that
initially contain dilute aqueous polymer solutions. Peclet numbers are high such that mass transport
is relatively low hence we should expect poor removal of the shear-thinning fluid. Reynolds numbers
are equally low so momentum transport should not aid in mixing of the two fluids. The problem is
analyzed using dimensional analysis of Cauchy momentum equations and the Carreau fluid model
in Sec. 4.2. Experiments are performed using aqueous carboxymethyl-cellulose as the displaced
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fluid. Dyed water is injected into a capillary tube and visualized with the aid of a CCD camera.
The complete experimental setup is described in Sec. 4.3. Based on this setup and choice of
polymer concentrations the Carreau numbers transition from less to greater-than unity for the range
of parameters studied. Section 4.4 contains analysis of the data using dimensionless parameters
described in Sec. 4.2. Discussion of the results, including possible explanations for the observed
instability for shear-thinning fluids at high Carreau number appears in Sec. 4.5. We end the paper
with a brief summary and concluding remarks in Sec. 4.6.
4.2 Dimensional analysis
4.2.1 Momentum and stress equations
Consider the schematic of a typical fluid displacement setup shown in Fig. 4.1. Fluid 1 (aqueous
phase) pumped at mean velocity Um is displacing fluid 2 a polymer of initial concentration c0,
treated here as a generalized Newtonian fluid. Here, a denotes capillary tube diameter and t
denotes an approximate thickness of residual shear thinning fluid inside the capillary tube. z and
r are the axial and radial directions, respectively. Since the two fluids are miscible, the boundary
between these fluids is diffuse and not sharp, so t can vary with time and space. The equations
governing conservation of mass, momentum and species for this displacement process are







= −∇P + ∇ · τ (c) (4.4)
∂c
∂t
+ v ·∇c = D∇2c. (4.5)
A concentration dependent Carreau shear-thinning fluid model is used for this case of a gener-
alized Newtonian fluid where the total stress is

















Figure 4.1 Schematic of the fluid displacement experiment. Fluid 1 and 2 are displacing and
displaced fluids respectively. a and L are diameter and length of the capillary tube respectively. t
is the thickness of shear thinning fluid remaining inside capillary tube after fluid displacement. z
and r are axial and radial directions respectively.
Here 2Γ = [∇v + ∇vT ] is twice the rate of strain tensor where the Carreau fluid viscosity, µ, is a
function of the magnitude of the local shear rate |γ̇| = [2Γ:Γ]1/2 according to the equation





The zero shear rate viscosity, µ0, is the first Newtonian fluid plateau viscosity measured at low
shear rates. The infinite shear rate viscosity, µ∞, corresponds to the solvent viscosity or second
Newtonian fluid plateau measured at high shear rates. The parameter λ denotes a Carreau fluid
characteristic time and n is a power-law parameter that adjusts the transition between viscosity
plateaus. In general µ0, λ and n are all functions of the local concentration c.
4.2.2 Dimensionless form
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In dimensionless form the conservation equations are written
∇∗ · v∗ = 0 (4.9)
∂v∗
∂t∗
+ v∗ ·∇∗v∗ = 1
Re
[−∇∗P ∗ + ∇∗ · τ ∗(θ∗)] (4.10)
∂θ∗
∂t∗
+ v∗ ·∇∗θ∗ = 1
Pe
∇2∗θ∗. (4.11)








where the parameters β, At, Cu and n are a dimensionless solvent viscosity, shear thinning Atwood
and Carreau numbers and a power-law index parameter, respectively. Note the averaged viscosity
based on the polymer zero shear rate and solvent viscosities µ̄ = [µ0(c0) + µ∞]/2 is used to non-
dimensionalize the Carreau viscosity, fluid stress and static pressure. This choice of scaling: 1)
ensures recovery of a Newtonian fluid using the Carreau fluid model for µ0 = µ∞, or vice versa,
and 2) introduces a parameter similar to the viscous Atwood number that we call the shear thinning
Atwood number. Most of the present literature uses zero shear rate viscosity which satisfies the
first point but not the second.
Now, we determine the following primary dimensionless parameters can be used to describe this




















which denote shear thinning Atwood number and a dimensionless solvent viscosity, each based on
the initial polymer concentration. When µ0(c0) = µ0(c) = µ∞ then β = 1/2, At0 = At = 0 and we
recover the Navier-Stokes flow equations with species conservation.
4.3 Experiments: setup, material, and procedure
4.3.1 Materials and fluid displacement apparatus
Glass capillary tubes (Drummond Scientific) of inner diameter a ≈ 800 µm and length L = 100
mm were contained inside a clear acrylic box of size 25.4 mm × 25.4 mm × 100 mm. The acrylic
box was filled with water to minimize distortion created by the glass capillary curved surface. The
capillary tube inlet was connected to an acrylic piece of size 10 mm × 10 mm × 10 mm that acted
as an inlet manifold. An inverted ‘T’ shaped channel of circular cross section was drilled into the
inlet manifold. The top opening was connected to a tube in series with a two-way valve which
acted as a relief valve to remove any air bubbles prior to performing an experiment. The other two
ends of the ‘T’ were connected to 1) the capillary tube inlet, and 2) a tube carrying displacing fluid
from a syringe mounted on a syringe pump. We used a programmable syringe pump (New Era
Pump Systems, Inc.) driven by a stepper motor, and a plastic syringe (1 ml capacity) with luer slip
connection to drive the displacing fluid. The flow rates used for experiments ranged from 10-1000
µl/min. The capillary tube’s outlet was connected to a plastic tube in series with a two-way valve.
Fig. 4.2 shows the experimental setup. The figure labels correspond to the following: (1) Syringe
pump, (2) CCD camera (Pixelink), (3) capillary displacement setup, (4) light source, (5) outlet,
(6) capillary tube, (7) relief valve, and (8) inlet.
4.3.2 Fluids and rheology
Two carboxymethyl-cellulose (CMC) polymers (WalocelTM from Dow) distinguished here by
their trade names 10000 PV and 20000 PV with relative molecular weights M.W20000PV >M.W10000PV
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Figure 4.2 (a) Experimental setup of fluid displacement. The labels correspond to the following.
(1) Syringe pump, (2) Pixelink CCD camera, (3) Capillary displacement setup, (4) Light source.
(b) Capillary displacement setup. The labels correspond to the following. (5) Outlet, (6) Capillary
tube (L = 100 mm), (7) relief valve, and (8) Inlet.
were used to prepare aqueous polymer solutions. Solutions were prepared by mixing each polymer
with water (µ = 1 cP, ρ = 1000 kgm−3) at concentrations c0 = 0.5, 0.6, 0.75, 0.8 and 1% (w/w).
Mixtures were stirred continuously until the polymer was completely dissolved. Polymer solution
densities were nearly equivalent to that of water at these low concentrations, hence gravitation
effects were negligible. Shear viscosity measurements of all 10000 PV and 20000 PV solutions were
made using an AR 2000 EX advanced rheometer (TA instruments) with a cone (1◦ angle, 40 mm
diameter) and plate geometry at 25◦C. Throughout this manuscript we distinguish between these
two fluids using blue and red color symbols to denote aqueous solutions of 10000 and 20000 PV,
respectively. Viscosity measurements were made over a broad range of shear rates; torque values
less than the instrument’s minimum-measurable torque value were not included in those data sets.
The shear viscosity data were then curve fit to the Carreau fluid viscosity model Eq. 4.1 using an
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in-house pattern-search optimization algorithm (White and Ward, 2015). Fig. 4.3 shows a com-
parison between experimental and pattern search data of shear viscosity versus shear rate plotted
using log-log scale for concentrations c0 = 0.5, 0.6 and 0.75% for both 10000 PV and 20000 PV
samples. Optimized values for the search parameters: zero shear viscosity µ0 (cP), power-law index
n, and the Carreau fluid characteristic time λ (s) are summarized in Table 4.1.
Figure 4.3 Log-log plot of shear viscosity versus shear rate for concentrations c0 = 0.5, 0.6 and
0.75% of 10000 PV and 20000 PV aqueous polymers. Here the solid line denotes the pattern search
curve fits of Carreau fluid viscosity model Eq. 4.1 to the experimental data. Here and throughout
this manuscript we distinguish between aqueous solutions of 10000 and 20000 PV, using blue and
red color symbols, respectively.
Table 4.1 Carreau fluid model parameters for 10000 PV and 20000 PV aqueous CMC
c0 (%)
Walocel CRT 10000 PV Walocel CRT 20000 PV
µ0 (cP) λ (s) n µ0 (cP) λ (s) n
0.5 303.1 0.14 0.58 442 0.26 0.64
0.6 524.3 0.16 0.51 1196 0.26 0.47
0.75 1369 0.62 0.56 2776 0.73 0.46
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We chose modified exponential functions to curve fit the optimized values of zero shear rate
viscosity µ0/µ∞ = exp [k1c], Carreau characteristic time λ = C3(exp [k3c]−1), and power-law index
n = exp [k2c] versus polymer concentration c for both 10000 PV and 20000 PV. These functions
were selected such that they passed through µ0 = 1, λ = 0, and n = 1 at c = 0, which correspond
to Carreau model parameters for the displacing fluid water. Coefficients of these functions are
summarized in Table 4.2 In Fig. 4.4(a)–(c) we show results of fits for zero shear rate viscosity µ0,
power index n and Carreau fluid relaxation time λ versus polymer concentration c0 for both 10000
PV and 20000 PV samples. Error bars are not shown since they are smaller than the size of each
symbol. There is little relative change in λ and n with concentration, compared with µ0 which
changes several order of magnitude. In general, the fits are not precise but do follow overall trends
for the limited data sets.
Table 4.2 Curve fit parameters for Fig. 4.4
Sample
µ0/µ∞ =exp[k1c] n =exp[k2c] λ =C3(exp[k3c]-1)
k1 k2 C3 (s) k3
10000 PV 9.79 -0.9 4.3 ×10−3 6.4
20000 PV 10.75 -1.1 2.7 ×10−3 4.3
4.3.3 First normal stress difference and dynamic mechanical analysis measurements
Non-Newtonian viscoelastic fluids have a characteristic memory time scale which is referred
to as the thermodynamic relaxation time, denoted here as λelastic, after which the applied stress
would reach equilibrium. These elastic stresses are responsible for elastic turbulence (Groisman and
Steinberg, 2000, 2001) which we seek to rule out as a possible mechanism for phenomena observed
here. To ensure that aqueous polymer concentrations we used possessed minimal viscoelastic char-
acteristics so that they could be considered shear-thinning fluids, we measured first normal stress
difference over a broad range of shear rates where a finite and positive first normal stress difference
hints that such samples are indeed viscoelastic.
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Figure 4.4 (a) Zero shear rate viscosity µ0 versus polymer concentration c for 10000 PV and 20000
PV. (b) Power law index n versus polymer concentration c for 10000 PV and 20000 PV. (c) Carreau
characteristic time λ versus polymer concentration c for 10000 PV and 20000 PV. Here the solid
lines denote modified exponential curve fits. Error bars are not shown since they are smaller than
the size of each symbol.
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We used the same AR 2000 EX advanced rheometer from TA instruments to measure first nor-
mal stress difference. Measurements were made for all aqueous polymer solutions for both 10000
PV and 20000 PV polymers. Fig. 4.5(a) shows log-log scale plots of first normal stress difference
(N1) measurements for 0.8% 20000 PV and 1% 10000 PV, respectively. For aqueous polymers at
concentrations less than these two values no first normal stress difference could be detected by the
instrument. Since these results may be limited by instrument resolution we sought to directly de-
termine the thermodynamic relaxation time of samples with concentration c0 = 0.5, 0.6 and 0.75%,
by performing oscillatory rheological measurements in the small deformation linear viscoelastic
regime. We measured shear storage G′ and loss G′′ moduli over three orders of magnitude of angu-
lar frequency ω (rad/s). Inverse of frequency value at G′ and G′′ curves’ intersection point gives the
largest relaxation time λelastic of a viscoelastic fluid (Volpert et al., 1998; Castelletto et al., 2004).
Fig. 4.5(b) shows log-log scale plots G′ and G′′ versus angular frequency ω (rad/s) for aqueous
polymers at highest concentration for both molecular weights (0.75% 10000 PV and 20000 PV).
From Fig. 4.5(b), we observe that for the highest concentration solutions in that sample of 0.75%,
the G′ and G′′ intersection point occurs beyond angular frequency value of 100 rad/s implying
that elastic relaxation time is much less than 0.06 s. Comparing the Carreau fluid curve fits and
oscillatory rheological measurements, we determined that λelastic is at least two to three orders of
magnitude smaller than λ, for aqueous polymers used in this study.
4.3.4 Diffusivity
Samples of 10000 PV and 20000 PV aqueous solutions at concentrations c0 = 0.5, 0.6 and
0.75% were mixed separately with fluorescein dye powder (Fisher Scientific). A small portion of
these samples were micro-pipetted into a bulk volume of the same solution, but undyed, on a flat
acrylic surface. The dyed liquid volume was illuminated using a line laser sheet (Coherent) and
images of dye radial diffusion were captured using a CCD camera in 5 second intervals. The images
were then analyzed using an in-house MATLAB code. First, light intensity values were scaled with
respect to the first image’s maximum intensity value. Then, intensity versus radial distance were fit
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Figure 4.5 (a) Log-log plot of first normal stress difference N1 versus shear rate for aqueous polymers
0.8% 20000 PV and 1% 10000 PV. (b) Log-log plot of shear storage G′ and loss G′′ versus angular
frequency ω for c0 = 0.75% of both 10000 PV and 20000 PV. From this plot we can see that the
intersection point of G′ and G′′ is above ω = 102 (rad/s). Hence, we can infer that approximate
value for largest relaxation time (elastic) is much smaller than Carreau characteristic time λ(s).
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to the theoretical solution for bulk diffusivity in cylindrical coordinates by varying a dimensionless
time, which is directly proportional to the diffusion coefficient, D, and fixed-scaled length(Wang
et al., 2015). Values of the diffusion coefficients for 10000 PV and 20000 PV are summarized in
Table 4.3 and are all smaller than water 3× 10−9 m2/s.
Experiments were performed to measure the self-diffusion coefficients of aqueous CMC polymers
at concentrations specified already in the previous subsection and molecular weights denoted by
product names WalocelTM CRT 10000 PV, WalocelTM CRT 20000 PV respectively. An in-house
setup and code (Wang et al., 2015) were used to perform these experiments. A small volume of
aqueous polymer samples were mixed with fluorescein dye powder (Fisher Scientific). Once the
dye was dissolved, a small portion of it was micropipetted into a large volume of the same undyed
aqueous polymer sample placed over a thick acrylic slab. A laser sheet was focused on the dyed
part of the sample and images of the radial dye-spreading rate were taken using a CCD camera
(make: Pixelink) in 10-second intervals where a scale was used to estimate the spreading rate. The
captured images were analyzed using threshold analysis and each image intensity was normalized
by the maximum intensity of the first frame captured. Then these data were fit to the theoretical
solution for bulk diffusivity in cylindrical coordinates by varying the dimensionless time, which
is a function of the diffusion coefficient, D, and the scaled length, which was fixed. A total of
10 experiments were performed to measure the self-diffusion coefficient as a function of polymer
concentration and molecular weight. Fig. 4.6 shows the experimentally measured self diffusion
coefficient of aqueous polymers mentioned above. The linear curve fit agrees fairly well with the
experimental data. Comparing the diffusion coefficients obtained to the self diffusion coefficient of
water, clearly the aqueous polymers diffuse slower than water. The diffusion coefficient decreases
as we increase the polymer concentration and molecular weight.
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Figure 4.6 Self-diffusion coefficient versus polymer concentrations for WalocelTM CRT 10000 PV
and WalocelTM CRT 20000 PV. Dwater = 2.34 × 10−9(m2/s) is the self-diffusion coefficient of
water. This shows that the aqueous polymer samples diffuse slower that water. Here the dotted
lines denote the linear curve fits.
4.3.5 Inlet effects
As discussed in the experimental setup Sec. 3.3.1, the capillary tube inlet was attached to an
acrylic manifold with circular inner geometry. At this junction there is a sudden reduction in the
cross sectional area from manifold to capillary tube. This sudden contraction can create vortices
which can disrupt the intruding finger symmetry, and these vortices are often enhanced for polymer
solutions (Boger, 1987). We conducted experiments to compare downstream effects of a sudden
contraction by varying Re and Pe using Newtonian as well as shear-thinning fluids. A 50% aqueous
glycerol (µ = 5 cP, D = 1.02 ×10−10 m2/s) solution was displaced using the same fluid dyed with
food coloring to determine if vortices that occur at the inlet contraction have any effect on the
downstream symmetry of a displacing fluid’s finger. These experiments were conducted at flow




Figure 4.7 Sample plot of light intensity versus distance from origin for 0.75 % 10000 PV solutions
showing normalized light intensity for several instances in time.
Table 4.3 Bulk diffusion coefficients for 10000 PV and 20000 PV aqueous CMC
c0 (%)
D × 10−10 (m2/s)




Pe = 2.6 × 105, respectively. Similar experiments were also conducted using a 94.4% aqueous
glycerol solution (µ = 378.53 cP, D = 2.39 ×10−11 m2/s) at Re = 8.8 × 10−3, Pe = 1.1 × 104
and Re = 8.8 × 10−2, Pe = 1.1 × 106, respectively. The diffusivity of aqueous glycerol solutions
were obtained by interpolating the data measured using Gouy interferometric technique reported
in D’Errico et al. (2004). Next, we used 0.5% 10000 PV as both displacing and displaced fluid
to study the effect of shear-thinning on the symmetry of displacing fluid finger. The zero shear
viscosities µ0 and diffusion coefficients D of the aqueous polymer used for these experiments can
be found in Table 4.1 and Table 4.3 respectively.
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Figure 4.8 Image analysis of diffusion experiments. (a) shows the fluorescein dyed region at t = 0.
The white dotted line shows the slicing location used for image analysis using MATLAB. (b) shows
the same location as (a) but at a later time t =∞ when the diffusion is almost complete.
Fig. 4.9 shows image frames from inlet effect experiments. In Fig. 4.9, experiments 1 and 3 corre-
spond to displacement of 50% and 94.4% aqueous glycerol solutions at 10 µl/min and experiments
2 and 4 are these same solution displaced at 1000 µl/min. Note that in the image correspond-
ing to experiment 1, we can clearly see the intruding finger boundary diffuses very quickly for
Pe = 2.6 × 103, while the boundary is sharp for experiments 2, 3, and 4 where Pe  2.6 × 103.
Experiments 5 and 6 are for displacement of 0.5% 10000 PV at 10 and 1000 µl/min, with finite Car-
reau numbers of Cu0 = 5.8×10−2 and 5.8, respectively. Since the Peclet number for experiments 5
and 6 are lower than that of 50% aqueous glycerol the boundary between displaced and displacing
fluid diffuses very quickly, leaving a visibly indistinguishable interface. Once the displacing fluid
finger tip has traveled a significant upstream distance, the displacing fluid occupies an entirety of
the observable region in this capillary tube. From these inlet effect experiments, we found that a
sudden reduction in the circular cross section from acrylic adaptor to capillary tube did not appear
to have any significant downstream effects of the displacing fluid finger for finite Carreau number.
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Exp Pe×104 Re Image
1 0.26 5.3 ×10−2
µ = 5 cP
2 26 5.3
3 1.1 7 ×10−4
µ = 378.5 cP
4 110 7 ×10−2
5 0.063 8.7 ×10−4
µ0 = 303.1 cP
6 6.3 8.7 ×10−2
1
Figure 4.9 Video frames from inlet effect experiments. Experiments 1 and 2 correspond to glycerol
c = 50% -water mixture (Newtonian) at low and high flow rates respectively. Similarly experiments
3 and 4 correspond to glycerol c = 94.4% -water mixture (Newtonian) at low and high flow rates
respectively. Experiments 5 and 6 correspond to c0 = 0.5% of 10000 PV at low and high flow rates
with Cu0 = 5.8 ×10−2 and 5.8 respectively. All these experiments are conducted by using the same
fluid as both displacing and displaced fluid. Scale bar shown in Exp 1 applies to all images.
4.3.6 Fluid displacement experiments: Procedure and methods
The capillary tube was first filled with fluid 2 (displaced fluid: shear-thinning aqueous polymer)
through the capillary tube outlet, then the two-way valve at the outlet end was closed. Using the
syringe pump, we injected fluid 1 (displacing fluid: water dyed with food color) from the capillary
tube inlet. By proper manipulation of the relief valve, we removed any air bubble between the
two fluid phases then closed the relief valve. Next the outlet valve was opened, and displacement
experiments were run by specifying a syringe pump flow rate. The syringe pump flow rate was
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varied at 20 µl/min increment between 10 - 100 µl/min and 50 µl/min increment between 100-1000
µl/min.
The fluid displacement experiments, captured as videos using the CCD camera, were analyzed
using an in-house code written in MATLAB programming language. Resolution of the captured
video frames were 112 × 864 pixels. Each pixel had an area resolution of 4.8 µm by 4.8 µm.
Videos were captured well before the tip of the displacing fluid finger entered the camera’s viewing
region, and continued until the finger moved out of view. Approximate length of capillary tube
section captured by the CCD camera was 12 mm. Light intensity was averaged in the radial
direction, and plotted against the axial direction pixel numbers. The displacing fluid finger-tip was
tracked by identifying an axial location where averaged intensity of light dropped by 25% from
the highest value. Fig. 4.10(a) shows typical pixel intensity values versus axial position (column
number) for displacement experiments with surfactant formed in-situ, while (b) shows image of the
corresponding displacing fluid finger, penetrating the displaced fluid. In Fig. 4.10(b), vertical black
line denotes the location of displacing fluid finger-tip. Then displacement versus time data of finger-
tip was used to calculate the tip velocity Ut. Calculation of average velocity Um was determined
by assuming Poiseuille flow based on the syringe pump flow-rate and capillary tube diameter.
Finally, using Eq. 4.2 we estimated the fraction of residual fluid remaining on the tube walls m for
experiments with no significant asymmetry due to instability. In Secs. 4.2- 4.5 and Figs. 4.13-4.14,
we use unfilled and filled symbols to distinguish between experiments with symmetric (Cu0 < 1)
and asymmetric (Cu0 > 1) displacing fluid fingers, respectively.
The experiments were repeated for different displaced fluid. To avoid contamination from
previous experiments, the setup was cleaned by injecting water using a 10 ml syringe and then
dried using a pneumatic air gun. The range of dimensionless numbers for displacement experiments
with flow rates between 10 to 1000 µl/min, of different aqueous polymers using water are listed
in Table 4.4. For a given displaced fluid sample used in experiments, the dimensionless numbers







Figure 4.10 (a) Average pixel intensity versus horizontal pixel number denoted by column number.
(b) Image of displacing fluid finger penetrating the displaced fluid. Vertical black line denotes the
location of displacing fluid finger tip. Scale bar corresponds to 500 µm.
increased while Re decreased. Similarly as the molecular weight of the polymer increased, Pe, Cu0
and At0 increased while Re decreased.
Table 4.4 Range of dimensionless numbers for displacement of aqueous polymer samples
Sample At0 Pe(10
2 − 104) Re(10−4 − 10−2) Cu0(10−2 − 100)
0.5% 10000 PV 0.993423 6.3 17.5 5.8
0.5% 20000 PV 0.995485 7.1 12 6.7
0.6% 10000 PV 0.996192 8.2 10.1 10.8
0.6% 20000 PV 0.998329 9.7 4.5 11
0.75% 10000 PV 0.998501 10.6 3.9 25.8
0.75% 20000 PV 0.999279 14.8 1.9 30.7
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4.4 Results
4.4.1 Images of fluid displacement
Fig. 4.11 shows an array of experimental images for miscible displacement at various Peclet
Pe, Reynolds Re, and Carreau Cu0 numbers for a c0 = 0.5% 10000 PV polymer solution. As the
flow rate is increased, all three dimensionless numbers Pe, Re, and Cu0 increase where Pe >> 1
and Re << 1. However, at low flow rates, the Carreau number Cu0 transitions from below to
above unity. Two observations can be made based on the experimental images for Cu0 < 1 and
Cu0 > 1. For Cu0 < 1 the intruding fluid finger appears similar to experiments using Newtonian
fluids (Petitjeans and Maxworthy, 1996), where the finger’s radial thickness is nearly uniform a
short distance downstream from the tip. For Cu0 > 1 we see the displacing fluid finger’s radial
thickness varies in axial direction a greater distance downstream than for Cu0 < 1.
Images captured for the displacement of a 0.75% 10000 PV solution are shown in Fig. 4.12; their
respective dimensionless numbers appear in the adjacent left hand columns. The smaller diffusivity
value between a 0.75% 10000 PV solution relative to a 0.5% 10000 PV one yielded increased values
of Pe, hence the intruding displacing fluid finger did not diffuse as quickly as in the previous case,
and images appear sharper. Similar results are seen in regards to changes in the penetrating finger
radial thickness with respect to Carreau number, where experiments with Cu0 > 1 produce fluid
fingers that exhibited strong variations with radial thickness in the axial direction.
4.4.2 Residual film, m
Tip velocity Ut of the displacing fluid was estimated from sequences of images, and the mean flow
velocity Um calculated from specified flow rates. These two quantities were then used to estimate
the fraction of residual film m using Eq. 4.2. It is important to note that fraction m was calculated
only for cases where intruding displacing fluid finger was uniform a short distance downstream from
the tip, which appeared for Cu0 < 1. Fig. 4.13(a) shows the fraction m versus Peclet number Pe
where each symbol corresponds to a specific fluid sample. Recall the shear-thinning fluid Atwood
number is calculated using a fluid sample’s respective zero shear rate viscosity µ0 and viscosity of
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Exp Pe×103 Re×10−2 Cu0 Image
1 0.63 0.18 5.82 ×10−2
2 1.25 0.35 1.16 ×10−1
3 2.50 0.69 2.33 ×10−1
4 3.75 1.05 3.49 ×10−1
5 9.39 2.79 9.31 ×10−1
6 21.9 6.13 2.04
7 28.1 7.88 2.62
8 34.4 9.62 3.20
9 37.5 10.5 3.49
10 50 13.9 4.66
11 56.3 15.8 5.24
Figure 4.11 Array of displacement images versus Pe, Re, and Cu0 numbers for c0 = 0.5% of
10000 PV aqueous solution displaced by food color dyed water. The images also show the typical
measurement of the length to uniform finger thickness `d which is later normalized by the length
of the capillary. For Cu0 > 1, length `d is usually longer than the region captured using camera.
So, we use the tip velocity to extrapolate the length of `d as described in Sec. 4.4.3. Asymmetric
mixing instability can be seen for Cu0 > 1. Scale bar shown in Exp 1 applies to all images.
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Exp Pe×104 Re×10−2 Cu0 Image
1 0.11 0.03 2.58 ×10−1
2 1.59 0.58 3.87
3 4.79 1.75 11.61
4 5.32 1.84 12.90
5 5.85 2.14 14.19
6 7.45 2.72 18.07
7 7.98 2.91 19.36
8 8.51 3.11 20.65
9 9.05 3.30 21.94
10 9.58 3.50 23.23
11 10.1 3.69 24.52
12 10.6 3.88 25.81
Figure 4.12 Array of displacement images versus Pe, Re, and Cu0 numbers for c0 = 0.75% of 10000
PV aqueous solution displaced by food color dyed water. Length to instability `cs is longer than
the region captured using camera. So, we extrapolate the finger tip position using tip velocity
to measure `cs. Asymmetric mixing instability can be seen for Carreau numbers greater than 1.
Typical length of instability wavelength `inst measured is also shown in Exp 10. Scale bar shown
in Exp 1 applies to all images.
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water µ1 = 1 cP. Peclet numbers were in the range 6.3× 102 < Pe < 5.9× 104 with the low value
corresponding to 0.5% 10000 PV, and the high for 0.75% 20000 PV, so diffusion is significant at
lower Peclet number values. Errors bars are not shown in Fig. 4.13(a) as they are smaller than the
size of each symbol. Values for m do not vary much over the range of Peclet numbers studied, with
0.5 < m < 0.68.
4.4.3 Length to uniform finger thickness, Cu0 < 1
When displacing fluid is injected into a capillary tube, for both 10000 PV and 20000 PV aqueous
solutions at c0 = 0.5%, we observed a pearl shaped intruding finger i.e. it was thicker near the tip
than it was further downstream. The axial length, denoted `d, of this region was measured from
the tip of the displacing fluid finger until the downstream axial location where the intruding finger
diameter was almost uniform. In Fig. 4.11 experiment panels 1 - 4 show the typical length `d of
this region.
In Fig. 4.13(b), the normalized length `d/L is plotted versus Cu
2
0, using a semilog scale. From
this figure, we can see that the normalized length `d/L increases monotonically as we increase the
square of the Carreau number Cu20. For certain experiments with Cu0 < 1, the finger appeared to
be longer than the capillary tube section captured by the CCD camera. For these cases, we ex-
trapolated the finger tip position using tip velocity to estimate `d/L. Non-uniform finger thickness’
were absent in the displacement experiments of c0 = 0.6 and 0.75% for both 10000 PV and 20000
PV. Fig. 4.13(b) inset shows the variation of `d/L for increasing Re (Re < 1). The two almost
appear to be interchangeable, and which of these two scalings is more appropriate is not conclusive
from the limited data set presented.
4.4.4 Length to instability, Cu0 > 1
For Cu0 > 1, the intruding finger exhibited asymmetric (corkscrew) shaped instabilities. In
Figs. 4.11-4.12, for Cu0 > 1, we can clearly see what appear to be asymmetries in the intruding
finger’s radial thickness, and always appears once the finger tip has moved a sufficient distance
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Figure 4.13 (a) Semilog plot of measured fraction m versus the Peclet number Pe. The m values
obtained in this study seems to agree with the values reported in Petitjeans and Maxworthy (1996)
where, for large Peclet Pe and Atwood At numbers, the maximum asymptotic value was found to
be m ≈ 0.60. (b) Semilog plot of normalized length to uniform thickness `d/L versus the square
of Carreau number Cu0. Both 10000 PV and 20000 PV at c0 = 0.5% seem to follow a similar
trend. Inset shows semilog plot of `d/L versus Re. Each symbol corresponds to a specific displaced
fluid sample identified by its Atwood number At. Unfilled symbols correspond to experiments with
Cu0 < 1.
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within the capillary. The axial distance from the finger tip to asymmetric instability is denoted
`cs which was always longer than the capillary tube section captured by the CCD camera. In
Fig. 4.14(a), normalized length `cs/L is plotted versus 1/Re. For these cases, the normalized length
`cs/L decreased as Re increased where for Re→ 1, it appears `cs/L approaches zero. Fig. 4.14(a)
inset shows variation of normalized length `cs/L versus Cu
2
0. For these cases, normalized length
`cs/L decreased as Cu0 increased a trend that was opposite to what was observed for 0 Cu0 < 1.
4.4.5 Instability wavelength
Recall that for experiments with Cu0 > 1 we observed asymmetric corkscrew-shaped intruding
fingers (see Fig. 4.12). Although we could not determine precisely if the instability was indeed helical
(corkscrew) we investigated the asymmetric shapes using an in-house MATLAB code to estimate
values of these instability wavelengths. The MATLAB code used threshold analysis to trace the
radial top and bottom boundaries of dyed displacing fluid along the axial direction. Then we
manually recorded the length between consecutive peaks or troughs and averaged to obtain a mean
instability wavelength. We note these may not be the most accurate estimates since the instabilities
were three-dimensional. A typical instability wavelength `inst measured using MATLAB code can
be seen in Exp 11 in Fig. 4.12. The measured wavelength, `inst, was normalized by capillary tube
diameter a and is denoted L∗inst. For some experiments, wavelengths could not be measured due to
difficulty in locating peaks and troughs of corkscrew instabilities, specifically when fluid samples
had higher diffusion coefficient D i.e. low Pe.
Fig. 4.14(b) shows the normalized instability wavelength L∗inst versus Pe for Cu0 > 1. Each
symbol corresponds to a specific displaced fluid experiment identified by its Atwood number At0.
Video frames shown at the top and bottom in Fig. 4.14(b) correspond to corkscrew shapes with
relatively large and small measured wavelengths, respectively. The value of L∗inst for 0.5 % 10000
PV and 20000 PV fluids with At0 = 0.993423 and 0.995485 increases slightly as we increase Pe
though it falls within a small range (1 < L∗inst < 3) for all experiments. Fig. 4.14(b) inset shows
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L∗inst versus Cu0. A similar trend of increasing normalized instability wavelength for increase in
Cu0 also occurs for 0.6 and 0.75% of both 10000 PV and 20000 PV.
4.5 Discussion
In Fig. 4.11, experiment 1, where Cu0  1, the displaced finger thickness looks uniform along
the capillary tubes axial length. As the Carreau number approaches unity an increase in intruding
finger tip thickness was observed, but appears symmetric. So, here we report that symmetric-
stable displacements, that occur for Cu0 < 1, may be further categorized into these two cases. The
pearl-shaped finger tip displacements observed for Cu0 < 1, have been reported before in miscible
displacement of Newtonian fluids at low Pe (Petitjeans and Maxworthy, 1996) and was found to
be due to recirculation in the displacing fluid’s tip. The fraction m which was measured only for
experiments with Cu0 < 1 was nearly constant and approached m ≈ 0.60 which was also observed
in previous studies on miscible displacements of Newtonian fluids in the asymptotic limit of high
Pe and At→ 1 (Petitjeans and Maxworthy, 1996). We did not measure fraction m for experiments
with Cu0 > 1 where displacing fluid fingers exhibited instabilities as seen in Figs. 4.11-4.12.
For displacement experiments with Cu0 > 1, the finger tends to exhibit a transitions into
corkscrew shaped instability once this finger tip has translated a sufficient distance within the
capillary tube, with normalized length `cs/L. In this situation, the intruding finger is no longer
symmetric after `cs/L as can be clearly seen in Fig. 4.11 experiments 4-11. These instabilities must
be caused by shear-thinning since they do not appear for homogeneous displacements (see Fig. 4.9).
Measured values for `cs/L tend to collapse when plotted versus inverse Reynolds number according
to Fig. 4.14(a). As Reynolds number approaches unity the length to instability approaches zero
suggesting convection, or possibly inlet effects, may play some role in generating the asymmetric
instability. The flow is fairly complex though and the lack of any appearance of these instabilities
for homogeneous fluids suggests inlet effects are negligible (see Fig. 4.9). For Re < 10−2 the length
to asymmetric instabilities approaches unity i.e. the tube length.
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Figure 4.14 (a) Semilog plot of normalized length to instability `cs/L versus inverse of Reynolds
number Re. As Re decreases, `cs/L approaches unity. Inset shows semilog plot of `cs/L versus
square of Cu0. As Cu0 increases, we see that `cs/L for each sample decreases following a fairly
distinct negative slope. (b) Semilog plot of normalized instability wavelength L∗inst versus Peclet
number Pe. Each symbol corresponds to a specific displaced fluid sample identified by its Atwood
number At. Inset shows L∗inst versus Carreau number Cu0. Top and bottom images correspond to
corkscrew shape with low and high wavelength respectively. Filled symbols correspond to experi-
ments with Cu0 > 1.
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We now draw more attention on the last point of discussion, by using the same analysis that
was used earlier to develop dimensionless groups i.e. equations of motion and mass conservation.




























According to the first term we see that non-linear dependence on the shear-rate appears for
dimensionless Carreau fluid characteristic time Cu0 > 1. This is not surprising. What is somewhat
surprising is this term is large, and relevant, for homogeneous fluids i.e. it is independent of
concentration gradients. Yet, homogeneous fluid experiments produce no noticeable difference in
fluid displacement from a Newtonian fluid (see Fig. 4.9). So concentration gradients then must be
important for the instability observed for inhomogeneous fluid displacement. The largest gradient is
in the zero-shear rate viscosity which increased with polymer concentration and polymer molecular
weight (as best we can tell) based on experiments. So one can surmise that the product of dµ0/dc
with the leading order term, which is non-linear in shear-rate for Cu0 > 1 is responsible for the
instability.
We end the discussion with a brief summary of relevance for these results. In general we’ve
seen that it is possible to mix fluids at low Reynolds numbers by displacing a more viscous liquid
with a less viscous one. The criteria for this to occur requires measurement of Carreau fluid
parameters: 1) zero shear-rate viscosity and 2) Carreau fluid time constant. When the Carreau
number is above unity there is an instability. This instability is axisymmetric for a distance that
depends on inverse Reynolds number and decreases in length as the Reynolds number approaches
unity. So the asymmetric instability, ideal for mixing, is optimal (reduced symmetric length)
for Re → 1. Furthermore, it is optimized by reducing the tube diameter since this increases the
Carreau number. Higher Carreau numbers may produce additional instabilities that enhance mixing
(see Addendum 4.7 for preliminary evidence). Finally, wavelengths associated with the instability
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increase in length with increasing Peclet number. So decreasing tube diameter also decreases
instability wavelength which may further enhance mixing if it is possible to achieve wavelengths
less than the capillary tube diameter.
4.6 Conclusion
Miscible displacement of shear-thinning fluids by a Newtonian fluid was studied in a capil-
lary tube. The displaced shear-thinning fluids were aqueous solutions containing carboxymethyl-
cellulose polymers at concentrations c0 = 0.5, 0.6 and 0.75 % at two different molecular weights.
The displacing fluid was water dyed with food color. Experiments were performed over a broad
range of flow rates (10 µl/min to 1000 µl/min). A Carreau fluid viscosity model was used to charac-
terize the displaced fluids via zero shear viscosity µ0, Carreau characteristic time λ and power-law
index n, as a function of polymer concentration c0 for both polymers.
First normal stress difference measurements and oscillatory shear dynamic mechanical analysis
were also performed to ensure the samples were mostly shear-thinning, and did not exhibit any
significant viscoelastic behavior as measure by characteristic time scales i.e. λelastic << λ. Diffusiv-
ity D of all aqueous polymer samples were measured as a function of concentration and molecular
weight to estimate Pe. Experiments were also conducted to study the effect of sudden change in
cross section at the capillary tube inlet and no influence downstream was observed.
By dimensional analysis, Carreau number Cu0 = λ0U/a was found to be an important dimen-
sionless parameter for determining the onset of, and transition to, an instability. For Cu0 < 1,
the displacing finger exhibited pearl shaped diffused interface whose axial length `d increased with
Cu0. For Cu0 > 1 displacing fluid initially exhibited a symmetric finger but once the finger tip had
traveled a sufficient length `cs, the fluid thread transitioned to an asymmetric corkscrew shaped
instability. The distance from finger tip to the location of this transition `cs was found to de-
crease as Cu0 increased, but scaled more appropriately with the inverse Reynolds number. A 2D
dimensionless wavelength of asymmetric (corkscrew) instabilities (normalized by tube diameter)
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was measured and values fell into 1-3 tube diameters. This wavelength seemed to increase as Pe
increased for all displaced fluids used in this study.
The presence of a corkscrew shaped instability in the horizontal miscible displacement of either
Newtonian or non-Newtonian fluid has not been reported so far. But asymmetric instabilities have
been reported to occur in certain cases of vertical miscible displacement of Newtonian (Balasub-
ramaniam et al., 2005; Scoffoni et al., 2001) and core-annular flow of non-Newtonian (Huen et al.,
2007) fluids where gravity plays an important role in the stability of displacement process. Clearly
the results presented here suggest that there is ample room for more work to be performed in these
areas.
4.7 Addendum - Preliminary evidence of enhanced mixing due to additional
instabilities at higher Carreau number
Displacement experiments were performed to investigate the effect of reduction in capillary
tube diameter ‘a’ on the instabilities. We displaced 0.5% 10000 PV using dyed water in a capillary
tube of diameter a = 282 µm at 500µl/min and 1000 µl/min and found preliminary evidence
of additional instabilities which enhance mixing at higher Carreau number. We also performed
homogeneous displacement of 50% aqueous glycerol solution similar to inlet experiments discussed
in Sec. 4.3.5 to ensure the acrylic inlet manifold did not create any secondary vortices that would
generate instabilities. Approximate length of capillary tube section captured by the CCD camera
for small diameter experiments was 5 mm.
In Fig. 4.15, experiments 1 and 2 correspond to 0.5% 10000 PV displaced by dyed water at
500 and 1000 µl/min respectively. Dimensionless numbers for experiment 1 were Re = 2.5× 10−1,
Pe = 8.9× 104, and Cu0 = 66.2 while for experiment 2 were Re = 5× 10−1, Pe = 1.8× 105, and
Cu0 = 132.4. The zero shear viscosities µ0 and diffusion coefficients D of the aqueous polymer
used for these experiments can be found in Table 4.1 and Table 4.1 respectively. In exp 1 and
2, we did not observe any clear boundary between the displaced and displacing fluids. Length to
uniform finger thickness `d and length to instability `cs were absent. We observed wave shaped
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Figure 4.15 Displacement images of 0.5% 10000 PV aqueous polymer by dyed water at 500 µl/min
and 1000 µl/min (Exps 1 and 2 respectively) and homogeneous displacement of 50% aqueous
glycerol (Exp 3) in a capillary tube of diameter a = 282 µm. Cu0 = 66.2 and 132.4 for exp 1 and
2 respectively.
structures similar to corkscrew instabilities which suggests that instabilities were amplified and
enhanced mixing. This must be true because as the capillary tube diameter reduces, Carreau
number Cu increases which was found to be the source of nonlinearity in concentration dependent
shear viscosity, total stress and momentum equations in our study. However, it is difficult to measure
the instability wavelength `inst due to diffused crests and troughs of the instability. Experiment 3
in Fig. 4.15 corresponds to homogeneous displacement of 50% aqueous glycerol at 10 µl/min for
which Re = 1.5×10−1, Pe = 1.5×104. Diffusion coefficients for 50% aqueous glycerol was obtained
by interpolating the data reported in D’Errico et al. (2004). In Fig. 4.15 exp 3, we can clearly see
the boundary between displaced and displacing fluid. These experiments show that reducing the
capillary tube diameter introduces additional instabilities which enhance mixing due to higher Cu.
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CHAPTER 5. SUMMARY AND CONCLUSIONS
The main goal of this thesis was to study the immiscible and miscible displacement of a more
viscous fluid using a less viscous one in microscale tubes. In the first problem, we studied the
immiscible displacement of a viscous oil using water, aqueous surfactant solutions characterized
as surfactant added ab initio, and surfactants produced via a chemical reaction between oil and
aqueous alkali solutions characterized as surfactant formed in-situ. Surface tension of immiscible
fluid pairs with surfactants added ab initio and formed in-situ were measured using an in-house
pendant drop tensiometer setup. For ab initio case, transient surface tension data was used to
measure surfactant adsorption and desorption transport parameters using the state equations,
while for in-situ case transient surface tension data was used to surface tension rate of change
produced by the saponification interfacial reaction using a first order rate equation. Capillary
number Ca was measured based on equilibrium surface tension for both ab initio and in-situ cases.
Additionally Biot Bi and Damköhler Da numbers were used to estimate the relative importance
of surfactant sorption versus convection for ab initio and effect of rate of surface tension change
versus flow resident time for in-situ cases, respectively. Displacement experiments were performed
in a capillary tube of ≈ 800µm diameter and 100 mm length prefilled with either mineral oil or
silicone oil for ab initio case and corn oil for in-situ case. Displacing fluids for ab initio case were
aqueous solutions of sodiumdodecylsulface (SDS) with different concentrations below its critical
micellar concentration (CMC) and for in-situ case were aqueous solutions of sodium hydroxide
(NaOH) at various concentrations ranging from 0 to 100 mol m−3. A syringe pump was used to
inject the displacing fluid at a constant flow rate and a CCD camera was used to capture videos
of experiments. An in-house threshold image analysis code written in MATLAB programming
language was used to track the displacing fluid finger tip penetrating the displaced fluid and the
tip displacement versus time was used to measure the tip velocity Ut. Mean poiseuille flow velocity
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Um was measured using flow rate specified to the syringe pump and capillary tube cross section
area. The expression m = 1− [Um/Ut] was used to measure the residual film thickness. To validate
immiscible displacement without any surfactants, light mineral oil and corn oil filtered using florisil
to remove any free carboxylic acids (natural surfactants present in corn oil) were displaced by water.
Residual film thickness for displacement experiments with no surfactants and surfactants added ab
initio agreed well with past studies while for surfactants formed in-situ had initially decreasing
and eventually increasing trend as we increased Ca, a behavior completely new from past studies.
The most promising result was the asymptotic value of m ≈ 0.45 at high Ca, which has never
been reported in any past studies suggesting the reactive case of immiscible displacement behaves
completely different from immiscible displacement experiments with no surfactants as well as ab
initio surfactants.
Second problem involved studies on the evaporation of an axisymmetric unbounded liquid
bridge. Computations and experiments were performed to study the stability of an axisymmetric
unbounded liquid bridge between two parallel substrates separated by gap distance a subjected to
evaporation. Computations involved solving Young-Laplace equation with axisymmetric geometry
for a wide range of boundary conditions by varying the capillary pressure ∆Pcap. The conditions
for liquid bridge rupture were determined by performing minimum volume calculations using the
computations. Young-Laplace equation is known to produce non-unique solutions, which is more
than one unique capillary pressure that satisfies a given set of boundary conditions. Asymptotic
analysis were performed on large and finite liquid bridge volumes in the zero Bond number limit
to determine when these non-unique solutions appear. Analytical solutions for capillary pressure
from large volumes in zero Bond number limit were used as initial conditions to solve and find
solutions to Young-Laplace equations at finite Bond number conditions. Experiments were per-
formed for a variety of substrates and liquid volumes, with Bond numbers 0.04 ≤ Bo ≤ 0.65 and
two liquids: purified water and silicone oil. Substrates consisted of surface pair combinations of
acrylic, borosilicate glass and teflon. We measured liquid volume, and top and bottom contact
angle from images until a liquid bridge ruptured, tinst, using an in-house image analysis code writ-
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ten in MATLAB programming language. The evaporation rates were linear, which agreed with
previous studies. While contact angles decreased for almost all cases studies; most data nearly
collapsed onto a single curve when contact angle data was scaled by its initial value and time scaled
by tinst. The two exceptions were near perfect wetting fluids (silicone oil on acrylic) and if the top
surface had higher wettability relative to the bottom one. Previous studies have focused mostly
on either liquid bridge evaporation experiments or liquid bridge stability theory for microgravity
application where finite Bond number effects are negligible. In this study finite Bond number effects
are included for the specific problem of an unbounded liquid bridge to study evaporation and we
demonstrate through a comparison with experiments that volume minima computation can predict
liquid bridge volume prior to rupture due to an instability; i.e. there was good agreement between
experiments and theory for the range of parameters studied. It is important to note that the theory
presented in this study does not consider the dynamics of liquid bridge with respect to time since
volume minima computations are independent of evaporation and comparison between theory and
experiments are made using experimental values of conditions before the breakup instability. A
coupled model considering mass transport and Young-Laplace equation solution applied to a evap-
orating axisymmetric bounded liquid bridge should be used address this shortcoming. Evaporating
axisymmetric bounded liquid bridge between chemically different substrates is a problem that has
not been studied so far and future studies on it could provide interesting and new insights into
numerous practical applications.
In the third problem we studied the miscible displacmeent of a shear-thinning fluid using wa-
ter from a similar setup used in immiscible displacement experiments. Aqueous solutions of car-
boxymethyl cellulose polymer with low initial concentrations < 0.75% were used as displaced fluid
while water dyed with food color was used as displacing fluid. Carreau fluid viscosity model was
used to characterize the shear-thinning fluid by curve fitting the experimental data to the model.
Curve fits were done using a pattern search minimization algorithm resulting in determination of
zero shear rate viscosity µ0, Carreau characteristic time scale λ, and shear thinning power index n.
Shear storage G′ and loss G′′ moduli along with first normal stress difference were also measured
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in the linear viscoelastic regime to determine the largest relaxation time scale λelastic appearing
from the elastic behavior to ensure that the fluid samples were indeed shear-thinning and not vis-
coelastic. Due to miscibility of two fluids, bulk diffusion coefficients of aqueous polymer solutions
were measured for different concentrations and polymer samples of two different molecular weights.
Displacement experiments were performed similar to immiscible displacement experiments and dis-
placing fluid finger was tracked using a similar MATLAB code used for immiscible displacement
with slight modification to account for an averaged light intensity in the radial direction. Measured
m values were in the asymptotic maximum range reported in past studies on miscible displacements
of Newtonian fluids. By dimensional analysis, Carreau number Cu0 = λ0Um/a was found to be an
important dimensionless parameter for determining the onset of, and transition to, an instability.
For Cu0 < 1, the displacing finger exhibited pearl shaped diffused interface whose axial length `d
increased with Cu0. For Cu0 > 1 displacing fluid initially exhibited a symmetric finger but once
the finger tip had traveled a sufficient length `cs, the fluid thread transitioned to an asymmetric
corkscrew shaped instability. The distance from finger tip to the location of this transition `cs
was found to decrease as Cu0 increased, but scaled more appropriately with the inverse Reynolds
number. A 2D dimensionless wavelength of asymmetric (corkscrew) instabilities (normalized by
tube diameter) was measured and values fell into 1-3 tube diameters. This wavelength seemed
to increase as Pe increased for all displaced fluids used in this study. To ensure the inlet geom-
etry did not have any effect on flow behavior usually present in viscoelastic fluid flow in sudden
contractions, homogeneous fluid displacement experiments were performed using both Newtonian
and shear-thinning fluids and no instabilities were observed. The presence of a corkscrew shaped
instability in the horizontal miscible displacement of either Newtonian or non-Newtonian fluid has
not been reported in any past studies even though asymmetric instabilities have been reported
to occur in certain cases of vertical miscible displacement of Newtonian and core-annular flow of
non-Newtonian fluids where gravity plays an important role in the stability of displacement process.
